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Abstract 

Let Xq be a compact Riemannian manifold with boundary endowed with a oriented, 
measured even dimensional foliation with purely transverse boundary. Let X be the 
manifold with cylinder attached and extended foliation. We prove that the L 2 -measured 
index of a Dirac type operator is well defined and the following Atiyah Patodi Singer 
index formula is true 

md L * iA (D + ) = {A(X, V) Ch(E/S), C A ) + l/2[ m {D Ta ) - h\ + h A ]. 

Here A is a holonomy invariant transverse measure, r]A(D Ta ) is the Ramachandran eta 
invariant [23] of the leafwise boundary operator and the A-dimensions hj^ of the space of 
the limiting values of extended solutions is suitably denned using square integrable rep- 
resentations of the equivalence relation of the foliation with values on weighted Sobolev 
spaces on the leaves. 



1 Introduction 

Let Xq be an even dimensional oriented compact Riemannian manifold with boundary equipped 
with a unitary Clifford module E — > X with compatibile Clifford connection. Suppose each 
geometric structure is product type near the boundary. It is a well known fact since the 
seminal paper by Atiyah Patodi and Singer [3] that the index problem for the Dirac operator 
D in Xq can be approached in at least two ways; 

1. a generalized boundary value problem with pseudodifferential boundary condition (the 
Atiyah Patodi Singer boundary condition) 

2. an L 2 index problem on the manifold X obtained attaching a cylinder to X across its 
boundary. Actually there is a third completely independent point of view, that of Melrose's b 
geometry [19j . This can be seen to correspond to a compactification of X joining a boundary 
at the infinity. 

Indeed the operator splits near the boundary as D = g{Dq + d r ) where a is a bundle iso- 
morphism, Dq is a Dirac operator on the boundary and d r is the normal derivative. Call D 
the naturally extended operator on X. One can show that D is Fredholm if and only if the 
boundary operator is invertible in L 2 [19] but the kernels Ker i 2(D ± ) are finite dimensional 
and the difference of these dimensions is called the L 2 index of D. The Atiyah Patodi Singer 
formula computes this index in terms of the Atiyah Singer local integrand, the eta invariant 
ij{Dq) of the boundary operator and some correcting numbers related to the spaces of the 



L 2 -extended solutions on the cylinder, 

md L ,(D + ) = / A(X ,V)Ch(E/S) + hri(D ) + h- - h+}. 

J Xq 

If dX has no boundary and is foliated by a smooth foliation equipped with a holonomy 
invariant transverse measure, Alain Connes [12] has generalized, in the contest of non com- 
mutative geometry, the Atiyah Singer index formula for a leafwise Dirac operator on X i.e. a 
family of Dirac operators one for each leaf that vary transversally in a measurable way. This 
result^ can be seen as a generalization of the Atiyah L 2 -index theorem for Galois coverings 
r — Xq — ► Xq , where the Von Neumann algebra associated to the right regular representation 
of the jieck group T is used to define the L 2 -index of the lifted Dirac operator on the total 
space A . In spite of geometrical applications (the signature operatore and the signature for- 
mula) one can ask about the existence of an Atiyah Patodi Singer index formula for a foliated 
manifold with boundary with foliation transversal (normal) to the boundary and a holonomy 
invariant transverse measure A. This formula has to reflect both the structure of the formula 
of Connes and Atiyah Patodi Singer. Mohan Ramachandran [23] partially solved the prob- 
lem, proving the A.P.S. theorem for measured foliations for the boundary value problem with 
A.P.S. boundary condition. In this paper we adopt the second point of view proving the index 
formula for foliations of manifolds with cylindrical ends. We work, as Ramachandran at level 
of the leaves using the equivalence relation to prove our main result 

Theorem 1.0 — The Dirac operator has finite dimensional L 2 — A-index and the following 
formula holds 

ind i2jA (^+) = (A(X) Ch(E/S),C A ) + 1/2[ VA (D^) - h+ + hj] 

where hj^ := dimA(Ext(£> ± ) — dimA(Kcr L 2 (D ± ) are the suitably defined A-dimensions of the 
space of extended solutions, Ca is the Ruelle-Sullivan current associated to the transverse measure 
A and -q^D^ 9 ) is the Ramachandran eta invariant of the boundary leafwise operator. 

Our proof is a generalization of a method of Boris Vaillant |29j that proved the Atiyah Patodi 
Singer index formula for Galois coverings of manifolds with cylindrical ends. In section 2 we 
introduce the geometric settings and notations. In section 3 we review the classical Atiyah 
Patodi Singer index formula paying attention to its cylindrical L 2 -version. In section 4 we 
show that one can define a version of the essential spectrum of the operator relatively to 
the Von Neumann algebra of the foliation. Since this spectrum is stable by A-compact 
perturbations one can carry to foliations the result that the Fredholmness in the sense of 
Breuer [7j is equivalent to boundary invertibility. More precisely a splitting principle is valid: 
the Von Neumann essential spectrum is determined by the leafwise behaviour outside compact 
sets. In section 5 we show that the measured L 2 index of the Dirac operator is finite. This 
is our form of elliptic regularity. More precisely we show that the longitudinal measures 
corresponding to the projections on the kernel and the cokernel are finite on sets of the form 
(compact in the boundary) x (cylinder). The construction of the trace as the integration of 
longitudinal measures against transverse measures makes the rest. Then we perform a two 
parameter perturbation making the operator Breuer-Fredholm. This can be done, thanks to 
the splitting principle, by a modification of the boundary operator. In the proof of the index 
formula we will carefully examine the behaviour of the A-dimensions of the corresponding 
spaces of the extended solutions of the perturbed operator showing that they converge to 
the dimensions of the non perturbed one. Each leaf is a manifold with bounded geometry 

1 in order to have an induced foliation on the boundary 



2 



and cylindrical ends. The perturbed operator has product structure displaying a regularizing 
operator in the cross section of the cylinder times an order one operator with finite propagation 
speed in the cylindrical direction. In section 6 the cylindrical finite propagation speed is 
exploited, as in [29] to prove some Cheeger Gromov Taylor estimates that relates the heat 
kernel of the perturbed operator with the non perturbed one. In section 7 we discuss the 
existence and convergence properties of the Ramachandran eta invariant for the perturbation. 
Finally in section 8 the index formula is proven and, in section 9 is shown to be compatible 
with that of Ramachandran. 

The author wishes to thanks its thesis advisor Paolo Piazza for having suggested him the 
problem and for a lot of interesting discussions. 
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2 Geometric Setting 

A p-dimensional foliation T on a n-dimensional manifold with boundary Xq is transverse to 
the boundary if it is given by a foliated atlas {U a } with homeomorphisms <j) a : U a — ► V a x W a 
with V a open in HP := {(xi, x p ) € MP : X\ > 0} and W q open in R q with change of 
coordinated <j> a (u,v) of the form 

v' = <j)(v,w), w'=ip(w) (1) 

(tp is a local diffeomorphism) . Such an atlas is assumed to be maximal among all collections 
of this type. The integer p is the dimension of the foliation, q its codimension and p + q = n. 
In each foliated chart, the connected components of subsets as 0Q 1 (V a x {w}) are called 
plaques. The plaques coalesce (thanks to the change of coordinate condition ([TJ)) to give 
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maximal connected injectively immersed (not embedded) submanifolds called leaves . One 
uses the notation T for the set of leaves. Note that in general each leaf passes infinitely times 
through a foliated chart so a foliation is only locally a fibration. Taking the tangent spaces 
to the leaves one gets an integrable subbundle TT C TXq that's transverse to the boundary 
i.e TdX + TT = TX in other words the boundary is a submanifold that's transverse to the 
foliation. Let given on X a smooth oriented foliation T with leaves of dimension 2p respecting 
the cylindrical structure i.e. 

1. The submanifold 8Xq is transversal to the foliation and inherits a foliation with the same 
codimension Tq = F\ox with foliated atlas given by 4> a :U a C\ OXq — ► dV a x W a . 

2. The restriction of the foliation on the cylinder is product type T\ Z = Tq x [0, oo). 

Note that these conditions imply that the foliation is normal to the boundary. The orientation 
we choose is the one given by (ei, .., ei v -\, d r ) where (ei, .., e^p-x) is a positive leafwise frame 
for the induced boundary foliation. As explained in [3] this will choose one of the two possible 
boundary Dirac operators. Let E — ► X be a leafwise Clifford bundle with leafwise Clifford 
connection V B and Hermitian metric h E . Suppose each geometric structure is of product 
type on the cylinder meaning that if p : OXq x [0, oo) — ► dXg is the base projection 

E lz ~ p*(E l9Xo ), hf dXo = p*(hf dXo ), Vf z = P *{Vf dXo ). 

Each geometric object restricts to the leaves to give a longitudinal Clifford module that's 
canonically Z 2 -graded by the leafwise chirality element. One can check immediately that 
the positive and negative boundary eigenbundles Eq X and Eg X are both modules for the 
Clifford structure of the boundary foliation [19] . Leafwise Clifford multiplication by d r induces 
an isomorphism of Clifford modules c(d r ) : Eq Xq — > ^dx Q - P ut F = ^\dx tne whole Clifford 
module on the cylinder E\ Z can be identified with the pullback p*(F © F) with the following 
action: tangent vectors to the boundary foliation v <E TTq acts as c E (v) ~ c F (v)Q, with 

il = ^ ^ J J while in the cylindrical direction c F (d r ) ~ ( ^ ^ ^ . In particular one can 

form the longitudinal Dirac operator assuming under the above identification the form 

D = c(d r )d r + c\r V E ^a = c(d r )d r + VlD^ 3 = c(-d r )[-d r - ci-d^SlD^]. (2) 

Here D^ is the leafwise Dirac operator on the boundary foliation. In the following, these 
identifications will be omitted letting D act directly onFffiF according to 

f D~ \ _ f -d r + D^ \ _ ( d u + D? 

\D+ J ~ \ d r + D^a J ~ \ -d u + D Ta 

where u = —r, d u = —d r (interior unit normal) note this is the opposite of A.P.S. notation. 
We shall use the notation X = X k U Z k with Z k = 8X x [k, oo) and X k = X U (dX x [0, k]) 
also Z h a := dXo x [a, 6] and where there's no danger of confusion Z x is the cylinder of the leaf 
passing through x, Z x = L x n Zq. 



3 The Atiyah Patodi Singer index theorem 

We are going to recall the classical Atiyah-Patodi-Singer index theorem in [3]. So let X 
be a compact 2p dimensional manifold with boundary 8X and consider a Clifford bundle 
E with all the geometric structure as in the previous section. We take here the opposite 
orientation of A.P.S i.e. we use the exterior unit normal to induce the boundary operator 
instead of the interior one. In other words D^ eie = D APS . The operator writes in a collar 



4 



around tke ( ^ ) - ( ^ ^ + * ) ^ e 8r * thB exte „ 0I 

unit normal and Dq is a Dirac operator on the boundary. It is shown in [2] that the K- 
theory of the boundary manifold contains topological obstructions to the existence of elliptic 
boundary value conditions of local type (for the signature operator they are always non zero) . 
If one enlarges the point of view to admit global boundary conditions a Fredholm problem 
(with Calderon projection [6]) can properly set up. More precisely, consider the boundary 
operator Dq acting on OXq. This is a first order elliptic differential operator with real discrete 
spectrum on L 2 (dX ;F). Let P = X[o,oo)(A)) be its pseudo differential spectral projection 
on the non negative part of the spectrum. Then 

1. The (unbounded) operator D+ : C°° (X '; E+ , P) — > C°°{X,E-) with domain 
C°°(X]E + ,P) := {s G C 00 (X;E+) : P(s\ aXo ) = 0} is Fredholm and the index is given 

by the formula 

md APS {D+)= [ l(X,V)Ch(S,V)-/i/2 + r?(0)/2 

JXo 

with the Atiyah-Singer A(X, V) differential forrrH, the twisted Chern character Ch(E, V) 
[4j [19] and two correcting terms: 

• h := Kcr(Z? ) is the dimension of the kernel of the boundary operator 

• r?(0), the eta invariant of D is a spectral invariant which gives a measure of the asym- 
metry of its spectrum. This is extensively explained in section [3 

2. The index formula can be interpreted as a natural 1? problem on the manifold with a 
cylinder attached X and every structure pulled back. More precisely the kernel of 

jj+ . (joo . ^ — > qco £>- ^ urns ou ^ ^ ^ e na turally isomorphic to the kernel of D + 

extended to an ubounded operator on L 2 (X) while to describe the kernel of its Hilbert space 
adjoint i.e. the closure of D~ with the adjoint boundary condition D~ : C°°(X; E~, 1—P) — ► 
C°°(X, E + ) the space of extended L 2 solutions must be introduced. 

A locally square integrable solution s of the equation D~s = on X is called an extended 
solution if for large positive r the equation 

s{y,r) = g(y,r) + Sooiy) (3) 

is satisfied where y is the coordinate on the base 8Xq and g € L 2 while Soo solves DoSoo = 
and is called the limiting value of s. 

APS prove that the kernel of (£>+)* (Hilbert space adjoint of D+ with domain C°°(A; E+, P)) 
is naturally isomorphic to the space of L 2 extended solution of D~ on X. Moreover 

ind APS (Z?+) = dim L 2(£+) - dim^p-) - ^{D') = md L *(D + ) - h^D-) (4) 

where in&L2{D + ) := dim i 2(D + ) — dimj,2(D~) and the number hoo{D~) is the dimension of 
the space of limiting values of the extended solutions of D~ . The number at right in |(4]) is 
sometimes called the L 2 extended index . Along the proof of (J4j) the authors prove that 

h = h 00 (D+) + h 00 (D-) (5) 

and conjecture that it must be true at level of the kernel of D i.e. 

every section in Ker(Do) is uniquely expressible as a sum of limiting values coming from D + 
and D~ . 



2 due teethe presence of the boundary one does not have here a cohomological pairing, for this reason the 
notation A(X, V) stresses the dependence from the metric through the connection V 
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The conjecture was solved by Melrose with the invention of the 6-calculus, a pseudo-differential 
calculus on a compactification of X that furnished a totally new point of view on the APS 
problem |19j . 

With |(4]) and ([5]) the index formula is 

J Xq 

Finally a naive remark on the nature of the extended solutions in order to motivate our 
definition of their Von Neumann counterparts h OQ (D ± ) (equation (j24"|) and f50|) ). For a 
real parameter u say that a distributional section s on the cylinder is in the weighted L 2 - 
space e ur L 2 (dX x [C^oo);^) if e~ ur s G L 2 . The operator D ± trivially esxtends to act 
on each weighted space. Now it is evident from (J3j that an I/ 2 -extended solution of the 
equation D + s = is in each e ur L 2 for positive u. Viceversa let s G C\ u> q Ker e ur £ 2 (D + ). 
Keep u fixed, then e~ ur s G L 2 can be represented in terms of a complete eigenfunction 
expansion for the boundary operator D , e~ ur s = Yl\ < t ) \{y)g{ r )- Solving D + s = to- 
gether with the condition e~ ur 's G L 2 leads to the representation (on the cylinder) s(y, r) = 
Tlx>~u ( f'\(y)9o\(y) e ~ Xr ■ Since u is arbitrary we see that s should have a representation as 
a sum s(y,r) = Xa>o 4>\{y)9o\ e Xr over the non negative eigenvalues of D , i.e. s is an 
extended solution with limiting value X)a=o ^o(y)<?oo- We have proved that 

Ext(£> ± ) = f) Ker eUri2 ( J D ± ). 

u>0 

4 Von Neumann algebras, foliations and index theory 

The main reference here is the original paper of Alain Connes [12] or the book by Moore 
and Schochet [20]. Since we shall be interested, in a future paper to formulate boundary 
value problems we choose to work with the equivalence relation TZ of the foliation since we 
believe, with Ramachandran [23] that's the most natural ambient where to write boundary 
conditions. With its natural Borel structure TZ is a Borel groupoid with start, range and 
composition defined by: 

s(x, y) = y, r(x, y) = x, (x, y) ■ (y, z) = (x, z). 

The r-fiber r _1 (x) is denoted by 1Z X = {{x,y) : y G L x }. If {H x } is a Borel field of Hilbert 
spaces on the base X, a representation of 1Z is a functor U from 1Z to the category of Hilbert 
spaces i.e. U(x, y) : H x — > H y is a unitary isomorphism for every (x, y) G 1Z. This functor 
has to be measurable in a precise sense [12]. A longitudinal measure is a collection of measures 
{v x }xex with v x supported on 1Z X that is 7?.-invariant i.e. v x = v v if (x,y) G 1Z. If v is 
a longitudinal measure one can define a kernel in the sense of measure theory [24] pushing 
forward by left traslation i.e. putting R{v) 1 := 7 • v x , 7 G 7Z, s(j) = x. One calls v proper if 
R(y) is proper. For a proper longitudinal measure left traslation gives a representation L v of 
TZ valued on the field of r-fibers H x = L 2 (JZ X 1 v x ). A representation is square integrable if it 
is equivalent to some subrepresentation of a denumerable union of L v for a proper v. 
Longitudinal measures pair with transverse measures. This pairing process is well explained in 
[20J. We shall deal only with transverse measures coming from holonomy invariant transverse 
measures for the foliation. Remember that a Borel set T C X is called a Borel transversal if it 
intersects each leaf in a atmost denumerable set. The set of all Borel transversal is a er-ring. 
A finitely additive measure v on this a-ring is called holonomy invariant if for every Borel 
bijection 4> '■ T\ — ► T<x with (x,<j>(x)) G TZ then v(T\) = ^(T^)- Remember that for oriented 
foliations holonomy invariant transverse measures arise from foliated closed currents or from 
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flows generated by vector fields tangent to the leaves. The Ruelle-Sullivan isomorphism is 
the correspondence between invariant measures and foliated currents. On foliated charts 
transverse measures can be disintegrated along the plaques. 

Suppose U, V are two representation with values on the fields of Hilbert spaces H, K. A 
uniformly bounded Borel family of bounded operators T x : H x — ► K x intertwines U and V 

if V(x,») T x =T v o U^ y ), (x, y)-a.e.. 

For square integrable representations on the fields of Hilbert spaces Hi let Hom-ji(Hi, H 2 ) 
the vector space of the intertwining operators. A holonomy invariant measure gives rise to 
a quotient projection HoniR (H 1 , H 2 ) — > Hom\(Hi, H2) given by identification modulo A- 
a.e. equality. Elements of Hom\(Hi, H 2 ) are called Random operators between the random 
Hilbert spaces Hi. If Hi = H 2 = H, then Hom-R,(7J, H) = End-ft(-ff) is an involutive algebra, 
the quotient via A is the semifinite Von Neumann algebr 

E@End A (#); its 

natural trace tr A is 

defined using the coupling longitudinal/transverse measures [20]. Indeed to trace a field of 
operators one first looks at the field of its local traced [20]. This is a longitudinal measure 
that can be integrated against A and the result is the trace. 

For a vector bundle E — > X let L 2 (E) be the Borel field of Hilbert spaces on X fixed 
by the leafwise square integrable sections {L 2 (L X , E\ Lx )} xe x ■ There is a natural square 
integrable representation of 1Z on L 2 (E) the one given by (x,y) 1 — ► Id : L 2 (L X ,E) — ► 
L 2 (L y ,E). Denote End-n(E) the vectorspace of all intertwining operators and HomA(-E) the 
corresponding Von Neumann algebra. 

Since we need unbounded operators we have to define measurability for fields of closed un- 
bounded operators. We say that the field of closed unbounded operators T x is measurable if 
are measurable the fields of bounded operators u x and (l+T^T^)" 1 that determine univoquely 
the polar decomposition T = u\T\. 

Next, we review some ingredients from Breuer theory of Fredholm operators on Von Neumann 
algebras, adapted to the semifinite case with some notions translated in the language of the 
essential A-spectrum, a straightforward generalization of the essential spectrum of a self- 
adjoint operator. The main references are [7], [8] and [9]. Remember that the set of projections 
V := {A G EndA(£'),j4* =A,A 2 = A} of a Von Neumann algebra, has the structure of a 
complete lattice i.e. for every family {Ai}i of projections one can form their join V Ai and 
their meet AAi. Then for a random operator A G EndA(-E) we can define its projection on 
the range R(A) G V{End A (E)) and the projection on its kernel N(A) G V{End A (E)) by 
R(A) := Y{P G V(End\(E)) : PA = A} and N(A) := A{P G P(End A (E)) : PA = P}. If A 
is the class of the measurable field of operators A x , it is clear that R(A) and N(A) are the 
classes of R(A) X and N(A) X . 

Let Hi, i = 1, .., 3 be square integrable representations of 1Z; define A-finite rank random op- 
erators B^(Hi, H 2 ) := {^4 G HomA(-ffi, H 2 ) : tr\ R(A) < 00}, A-compact random operators 
(H\, H 2 ) as the norm closure of finite rank operators. The A-Hilbert-Schmidt random 
operators are B\(Hi,H 2 ) := {A G \don\ A (Hi, H 2 ) : tr A (A*A) < 00} and A-trace class oper- 
ators B\(H) = B\{H)B\{H)* = {J2?=i S * T i : S^T, G B\{H)}. It is easy to check, as for 
B(H), H Hilbert space, that B A (H) is a *-ideal in EndA(E') for * = 1,2, 00. An element 
A G B* A (H) iff \A\ G B* A (H), we have the inclusion B f A (E) C B\{E) C B\{E) C B%°{E) 
and B\(E) = {A G EndA(£') : tv\ \A\ < 00}. An important inequality we shall use (a proof 
in chapter V of [28]) is the following, take A G B\(E) and C G EndA(iT). We have polar 

3 to be precise this is a W* algebra in fact it is not naturally represented on some Hilbert space. The choice 
of a longitudinal measure u gives however a representation End7j(/f) — > B(J X H x d\ u (x)) on the direct 
integral of the field H x 

4 this is a notion introduced by Atiyah, the local trace of a positive (in general not trace class) operator T 
on L 2 (Y,fi) is the measure A \ — > tr^2 (xaTxa) 
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decompositions A = U\A\ and C = V\C\ then \A\ = U* A G B\(E), \A\^ 2 G B\{E) and 

|tr A (GA)| < ||G||tr A |A|. (6) 



Definition 4.1 — A random operator F G Hom A (i?i, E 2 ) is A-Fredholm (Breuer-Fredholm) 
if there exist G G Hom A (£ 2 , #i) such that FG — Id G Bf(E 2 ) and GF - Id G 5 A (Fi). 
For a field of unbounded closed operators T x : Hi — ► H 2 we say that it is A-Fredholm if the 
corresponding field T x : (Domain(T a; ), || • HttJ — ► H 2 defined by the graph norm is A-Breuer- 
Fredholm. 

It is straightforward to show that a random operator F G HomAfffi,^) is A-Fredholm if 
and only if N(F) is A-finite rank and there exist some finite rank projection S G End A (i?2) 
such that R(ld—S) C R(F). Then A-Fredholm operators F have a finite A-index. In fact 
tT\(N(F)) < oo and tr A (l — R{F)) < tr\(S) < oo and one can define 

ind A (F) := tr A (iV(F)) - tr A (l - R(F)). 

To motivate the definition of the A-essential spectrum, as in [29] cosider a semifinite Von 
Neumann algebra M with trace r, S = S* G M. One can define r-Breuer Fredholm operators 
exactly as in the definition 14.11 The Borel functional calculus shows that S is r-Breuer- 
Fredholm if and only if there exists e > such that t(E(— e, e)) < oo, where E(A) is the 
spectral projection of S corresponding to a Borel set A. Besides if S = S* is r-Breuer- 
Fredholm then ind T 5 = 0. 

So consider a measurable field T of unbounded intertwining operators. If T is selfadjoint 
(every T x is self-adjoint a.e.) the parametrized (measurable) spectral Theorem (cf. Theorem 
XIII. 85 in [25]) shows that for every bounded Borel function / the family x i — ► f(T x ) is 
a measurable field of uniformly bounded intertwining operators defining a unique random 
operator. In other words {f(T x )} x G End A (f/~). For a Borel set U C ffi let xt(E^) be the 
family of spectral projections {xu{T x )} x . Denote Ht(U) the measurable field of Hilbert 
spaces corresponding to the family of the images (Ht(U)) x = xu(T)H x . The formula 

Ha,t(U) := tr A ( XT (c/)) = dim A (Hu(T)) 

defines a Borel measure on R such that 

J fdfiA,T = tr A (/(T)), / : R — > [0, oo) bounded and Borel. (7) 

We call ^a,t the A-spectral measure of T. Clearly this is not in general a Radon measure 
(i.e. finite on compact sets). In fact due to the non-compactness of the ambient manifold 
a spectral projection of a relatively compact set of an (even elliptic) operator is not trace 
class. In the case of elliptic self adjoint operators with spectrum bounded by below this is the 
Lebesgue-Stiltijes measure associated with the spectrum distribution function relative to the 
A-trace. This is the non decreasing function A i — ► tr A X(-oa,X)(T)- A good reference on this 
subject is the work of Kordyukov [18]. The proof of formula ((7| this fact easily follows starting 
from characteristic functions. Here the normality property of the trace plays a fundamental 
role. A detailed argument can be found in [22]. Next we introduce, inspired by |29j the main 
character of this section. 

Definition 4.2 — The essential A-spectrum of the measurable field of unbounded self-adjoint 
operators T is 

spec A:£ (T) := { A G R : ^a,t(A - e, A + e) = oo, Ve > 0}. 
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Lemma 4.3 — For Random operators the A-essential spectrum is stable under compact per- 
turbation. If A G End A (£) is selfadjoint and S = S* G Bf{E) then 

spec Ae (A + S) = spec A e {A). 

Then if tr A is infinite i.e. tr A (l) = oo we have spcc A e (A) = {0} for every A = A* G B A °(E). 

Proof — Let A G spec Ae (A), by definition dim A Ha(X — e, A + e) = 00. Then consider the 
field of Hilbert spaces 

G t , x ■= {t G X (-\-e,\+e)(A x )H x ; \\S x t\\ < e\\t\\} = H Sas {-e, e) n H A ^{-\ - e, A + e). 

This actually shows that G e is A-finite dimensional in fact Ha x (—X — e, A + e) is A-infinite 
dimensional while i?s aj (— e, e) is A-finite codimensional. This shows that A G spec A e (A + S). 
The second statement is immediate. □ 

There is a spectral characterization of A-Fredholm random operators as expected from the 
definition of the A essential spectrum. 

Proposition 4.4 — For a random operator F G Hom A (.ffi, H 2 ) the following are equivalent 

1. F is A-Fredholm. 

2. i spcc Ae (F*F) and f spcc A e {FF*). 

3. ^ spec A e 

4. N(F) is A-finite rank and there exist some finite rank projection S G End A (iJ2) such that 
R(ld-S) c R(F). 



4.1 The splitting principle 

For elliptic operators, the stability of the spectrum under compact perturbations leads to an 
useful tool. For every x G X and integer k consider the Sobolev space H k (L x , E) of sections 
of E, obtained by completion of (L x , E) with respect to the k Sobolev norm defined in 
terms of the longitudinal Levi Civita connection 

k 

II s II H k (L X ;E) := X] S \\ 2 L 2 (® k T* L X ;E)- 
i=0 

This is the definition of a Borel field of Hilbert spaces with natural Borel structure given by 
the inclusion into L 2 . In fact, by Proposition 4 of Dixmier [14] p. 167 to prescribe a measure 
structure on a field of Hilbert spaces H it is enough to give a countable sequence {sj} of 
sections with the property that for x G X the countable set {sj(x)} is complete orthonormal. 
In the appendix of the paper by Heitsch and Lazarov [T7] is shown, making use of holonomy 
that a family with the property that each Sj is smooth and compactly supported on each leaf 
can be choosen. 

Definition 4.5 — Consider a field T = {T x } x£ x of continuous intertwining operators 

T x : C%°(L x ;E\ Lx ) — ► C%°(L X ;E\ L J. 
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We say that T is of order k e Z if T x extends to a bounded operator H m (L Xl E\ Lx ) — ► 
H m ~ k {L x ,E\ Lx ) for each m eZ and for a; a.e. 

We say that the T is elliptic if each T x satisfies a Garding type inequality 

\\s\\ H ™+k < C(L x ,m,k)[\\s\\ H ™ + \\T x s\\ Hs .}, 
and the family {C(L X , m, k)} xe x is bounded outside a null set in X. 

Since each leaf L x is a manifold with bounded geometry, for a family of elliptic selfadjoint inter- 
twining operators {T x } x& x every T x is essentially selfadjoint [29] with domain H k {L x \E\ Loi ). 
It makes sense again to speak of measurability of such a family. 

Definition 4.6 — For two fields of operators P and P' say that P = P' outside a compact 
K C X if for every leaf L x and every section s £ C^°(L X \ K; E) then Ps = P's. This property 
holding x a.e in X with respect to the standard Lebesgue measure class. 



Theorem 4.6 — The splitting principle. Let P and P' two Borel fields of (unbounded) 
selfadjoint order 1 elliptic intertwining operators. If P = P' outside a compact set K C X then 

spec Ai6 (P) = spec Ae (P'). 



Proof — Let A e spec Ae (P), for each e > put Xe := X(A-e,A+e) and G e := X*(P), then 
tr A (G £ ) = oo. The projection G e amounts to the Borel field of projections {x^(P x )} x ^x- 
By elliptic regularity on each Hilbert space G €jX every Sobolev norm is equivalent in fact the 
spectral theorem and Garding inequality show that for s G G e>x and fceN 

NljrM* < C(Pi, fc + 2){|| S |U= + IKP - A) fc S || iS } < (C + e k )\\s\\ Ll 

where C(Pi, fc + 2) is a constant bigger than each leafwise Garding constant. 

Now choose two cut-off functions 0, ^ € C^°(X) with 0# = 1 and V'lsupp^ = 1- Consider the 

fields of operators: B$ : L x Xx > G ejX — — L x , and 

C.0 : L x (G e _ x , \\ ■ \\l-2) (G e , x , || • Hijfc) >■ P* for a k sufficiently big in order to 

have the Sobolev embedding theorem to hold. We declare that Cy,Ci/> € End A (P) is A- 
compact. In fact consider by simplicity the case in which ip is supported in a foliation chart 
U x T. The integration process shows that the trace of C^G^p is given by the integration on T 
of the local trace on each plaque U t = U x {t}. Now the operator x C^ jX is locally traceable 
by Theorem 1.10 in Moore and Schochet [20] since by the Sobolev embedding the range of 
is made of continuous sections (the fact that each Sobolev norm is equivalent on G e makes 
the teorem appliable i.e don't care in forming the adjoint w.r.t. P 1 norm or L 2 ). These 
local traces are uniformly bounded in U x T from the uniformity of the Garding constants 
for the family since we are multiplying by a compactly supported function ip. Actually we 
have shown that C^C^ is A-trace class. There follows from Lemma EOl that the projection 

G e := X(-e 2 ,e 2 )(C^Cip) is A-infinite dimensional in fact spec A e (C7^C^,) = {0}. Now 1 — 
is A-Fredholm since B^ is A-compact then its kernel has finite A-dimension. Also since 
C7;CVXe = QC,/, then G^d = Ge and (1 - B^G, = (1 - <p)G, C domain(P') is A-infinite 
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dimensional. Now take s £ G e , from the definition || ?/>s|| #1 = (C^s, C^,s)h 1 = (C^C^s, s)l-i < 
e 2 \\s\\ 2 L2 then from the identity [P 1 - A)(l - <j>)s = -([P, 0] + (1 - <f>)(P - A))s it follows that 

\\(P' - A)(l - 4>)s\\v < + \\(P- \)s\\ L * < e(l + C)|| S || L2 . 

Finally the spectral theorem for (unbounded) self adjoint operators shows that (1 — 4>)G e C 
X(a,T)(P') with a = A - e(l + C), r = A + e(l + C). In particular A e spcc A e (P'). □ 

Corollary 4.7 — Consider two foliated manifolds X and F with cylindrical ends or, more 
generally with bounded geometry with holonomy invariant measures Ai , A2 and bounded geometry 
vector bundles E\ — > X and E 2 — ► Y. Suppose there exist compact sets K\ c X and K 2 C Y 
such that outside X\K\ and Y\K 2 are isometric with an isometry that identifies every geometric 
structure as the bundles and the foliation with the transverse measure. If P and P' are operators 
as in Theorem |4. 2, page 10| with P = P' on X \ K\ ~Y \ K 2 in the sense of definition I4.6l then 

spec Al>e (P) = spec A2:e (P')- 

Proof — The proof of |4.2, page 10| can be repeated word by word till the introduction of 
the element (1 — 0)G e that can be considered as an element of End A2 (i?2) through the fixed 
isometry. □ 

5 Analysis of the Dirac operator 

5.1 Finite dimensionality of the index problem 

Consider the leafwise Dirac operator D. Its measurability property is addressed in [23] where 
is showen to be equivalent to that of the field of bounded operators (D + i)" 1 : L 2 — > H 1 
on the field of natural Sobolev spaces. Remember that D is odd with respect to the chiral 
grading. The operator D + is called the longitudinal chiral Dirac operator. We shall continue 
to denote with D + its unique L 2 closure. In general this is not a Breuer-Fredholm operator. 
In fact Fredholm properties are governed by its behavior at the boundary i.e its restriction 
to the base of the cylinder 8X . In the one leaf situation D + is Fredholm in the usual sense 
if and only if is not in the continuous spectrum of D~D + or equivalently if the continuous 
spectrum has a positive lower bound [19]. However what is still true in this case is that the 
L 2 kernels of D + and D~ are finite dimensional and made of smooth sections. The difference 

dim A Ker^2 (D + ) — dim A Ker£2(D~) 

is by definition the L 2 -chiral index of D + . It gives the usual Fredholm index when the 
operator is Fredholm. Notice that in the non Fredholm case the L? index is not stable under 
compactly supported perturbations. We are going to show that in our foliation case the chiral 
index problem is A-finite dimensional in the following sense: 

• By the parametrized measurable spectral theorem the projections on the L 2 -kernels of D 
belong to the Von Neumann algebras of the corresponding bundles, X{0}(-^ + ) € End A (E ± ) 
and decompose as a Borel family of bounded operators {x{o}(D ± ) x }x amounting to the 
projections on the L 2 kernels of . Furthermore they are implemented by a Borel family of 
uniformly smoothing Schwartz kernels. 

• The family of projections above give rise to a longitudinal measure on the foliation. These 
measure are the local traces U 1 — ► ^l z (l x )[Xu ' X{o}{D ± ) x • Xu] where for a Borel U C L x 
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the operator \u acts on L 2 {L X ) by multiplication. In terms of the smooth longitudinal 
Riemannian density these measures are represented by the pointwise traces of the leafwise 
Schwartz kernels. We prove that these local traces has the following finiteness property 
completely analog to the Radon property for compact foliated spaces. 

Finiteness property for local traces of projections on the kernel. 

Consider a leaf L x . This is a bounded geometry manifold with a cylinder dL x x R + . We 
claim that for every compact K C dL x 

^(L x )[XKxR+ ■ X{0}{ D± )x ■ XKXM+] < °0 (8) 

Since this list of items is aimed to the definition of the index, the (rather long) proof of 
inequality ([8]) is postponed immediately after. We limit ourselves here to say that is the 
relevant form of elliptic regularity in our situation. 

• The integration process of a longitudinal measure against a transverse holonomy invariant 
measure immediately shows that the integrability condition above is sufficient to assure fi- 
nite A-dimensionality of the L 2 kernels of D ± . Indeed it is sufficient to choose an interior 
transversal S\ and a boundary transversal S2 i.e. a transversal contained into BXq and apply 
the usual integration displaying X as measure-theoretically fibering over the union Si U #2- 
Now the integral has two terms. The second integral, on S2 is finite thanks to the finiteness 
property above in fact the situation here is a fibered integral of a standard Radon measure on 
the base times a finite measure. The interior term is finite thanks to proposition 4.22 in [20j. 

• Finally the chiral A-L 2 -index can be defined to be the real number 

Ind i2)A (D+) := tr A (x { o}P + )) - tr A (X{0}(£>")) G »■ 
Proof of finiteness property of the local trace of kernel projections 

Proof — It is clear that it suffices to prove the property for each operator (-)|a x xr+X{o}(D x ). 
Let us consider the operator D + on a fixed leaf L x . This is a bounded geometry manifold 
with a cylindrical end dL x x M. + — {y e L x : r(y) > 1} where the operator can be written 
in the form B + d/dt acting on sections of F — ► dL x x R+. The boundary operator B is 
essentially selfadjoint on L 2 (dL x ;F) on the complete manifold dL x (see [H] and [TO] for a 
proof of self-adjointness using finite propagation speed tecniques). 

We are going to remind the Browder-Garding type generalized eigenfunction expansion for B 
(see [13] 11, 300-307, [15] and [23] for an application to a A.P.S foliated and Galois covering 
index problem). 

According to Browder-Garding there exist 

1. a sequence of smooth sectional maps e ■ : R x dL x — ► F i.e. ej is measurable and for 
every A € R, ej(X, •) is a smooth section of F over dL x such that Bej(X, x) = Ae,-(A, x). 

2. a sequence of measures /Xj on R such that the map V : C^°(dL x ; F) — ► . L 2 (R, 
defined by (Vs)j(X) = (s, e 3 -(A, -))l 2 (,9l x ) (use the Riemannian density) extends to an 
Hilbert space isometry V : L 2 (dL x ;F) — ► @^ ■ L 2 (R, fij) =: Hb which intertwines 
Borel spectral functions f(B) with the operator defined by multiplication by /(A) with 

domain dom/(B) = {s : £. / R |/(A)| 2 |(F S ) i (A)| 2 ^-(A) < 00}. 

Notice that ej(X, ■) need not be square integrable on L x . Taking tensor product with L 2 (R) 
we have the isomorphism 

L 2 (dL x x R+,F) ~ L 2 (dL x ,F)®L 2 (M.) ^ [®jL 2 (R, ^)] ® L 2 (R+) = H B ® L 2 (R+) (9) 
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where R + = (0,oo) r . Under the identification W := V ® Id the operator D + is sent into 
X + d r acting on Hb <8> L 2 (IR + ). Now let s be an L 2 -solution of D x s = 0. By elliptic regularity 
it restricts to the cylinder as an element 

s{x,r) G C 00 (M+, J ff 00 (aL 2; ; J F)) n i 2 (R+; L 2 ^^, F)) solving (d r + B)s = 0. Then, from a 
straightforward computation d r (Vs)j (A, t) = —X(Vs)j(\,r). That'sto say, all the I? solutions 
of D + = under the representation V on the cylinder are zero A < 0, fXj (A)-a.e. for every j. 
Decompose, for fixed a > 

L 2 (dL x xR+:F) = L 2 (K+; H B ([-a, a})) L 2 {R+, H B (R \ [-a, a])) (10) 

where the notation is Hg(A) for the range of the spectral projection associated to xa- Let 
II< Q and II >a respectively be the hortogonal projections corresponding to (fT0|) . Let X{o}(D x ) 
be the L 2 projection on the kernel. There is a composition IP := Il< a o (-)|9l x xb+ ° X{o}(D x ) 

defined through L 2 {L X ) ^Ker i2 (L>+) ^ L 2 (dL x xl+) ^ L 2 (R+; H B ([-a, a})). 

With the Browder-Garding expansion one can see that the elements £ belonging to the space 
U a L 2 (L x ) are of the form 

e = X(o,o o) (A)e- At Co (11) 

with £ = Coj G H°°(dL x ;F) to be univocally determined using boundary conditions. Formula 
(fTT|) allows to definClthe "boundary datas" mapping BD : U a L 2 (L x ;F) — > Hb((0,o]), 
W /_1 (X(o,al (A)Co e_At ) 1 — y W^ _1 (X(o,a](A)Co)- This is continuous and injective in fact injectiv- 
ity is obvious while continuity follows at once from the simple estimate [29] 

II£IIl 2 OL !c xR+) = l/(2o)||X[-o,a]Co||Ws- ( 12 ) 

Now choose an orthonormal basis s m = f m ®9m G L 2 (dL x x R + , F) and a boundary compact 
set A C dL x , then put Xa d = X^ix(o,oo)( a; i r )- Consider the operator XA D ^ a XA n acting on 
L 2 (L X ;F). Notice that IP acts on s m via the natural embedding L 2 (dL x ) C L 2 (L X ) then 

tT(x A aU a x A a) = ^2(XA aUa XA as ™, s m ) L 2 (dL x xR+)- (13) 

rn 

Write BD[n a XADSm ] = VF- 1 [x ( o,a](A)C^" ) ] hence [U a XA as m ] = x ( o,a] (A^e"* 4 . The se- 
quence X(o,a,]Co i s bounded by (fl2l) . Then (fT3|) becomes 

tr( XA nn a XAn)=E / / X(o,a](A)CrV At {vy(x A n Sm ) W>0dt (14) 

m JR+ JRxN L J 

where fi is the direct sum of the /ij's. The Last term of equation above can be seen to be 
equal to 

W {x A os m )W {x A n f m ® 3m) = V r (x.4(a;)/ m (a;))3 m (i) 
but this can be estimated, using Cauchy-Schwartz and the simple trick e~( A ~ a )e~ a = e~ A by 

E C { / X(o,a]|U(xA/ m )| 2 ^(A)rfr} 1/2 <cE(xAW s ((0,a])xA/ m ,/ m )- 

rn lJ RxN J 

Finally this is equal to Ctr(xAT~iB((0, o\)xa) < oo, In fact Hb((0, a]) is a spectral projection 
of -B hence is uniformly smoothing by elliptic regularity. 

5 this is clearly inspired by Melrose definition [19] Chapter 6 
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Let us now pass to examine the operator II a := H> a o (')\dL x xm.+ o X{0}(D x ~) defined by the com- 
position L 2 (L X ) ^Kcr L 2(£>+) ^ L 2 (dL x xR+) »- L 2 (R+; H B (R \ [-a, a])) aris- 
ing from the second addendum of the splitting (fT0|) . Let ipk be the characteristic function of 
r < k and A fc := H> a o ip k o (-)|a x xK+ ° X{o}( D £)- Now 

||(n a - AfcXH = ||n> a (^ fc - i)(-)\ dLl xM+x{o}(D+)t\\ L 2 idLxXm+) 

= I" f e- 2Xr \t a \ 2 d^\)dt<e- 2ak \\£,\\ L . (dL ^ +) . (15) 

Jk J(a,oo)xN 

Finally choose a compact A C dL x , estimate lfT5|) shows that Sfc := XA D ^-kXA n converges 
uniformly to XA D ^aXA D - Observe that Sk is compact by Rellich theorem and regularity 
theory in fact n Ker ( T +) is obtained by functional calculus from a rapid Borel function hence 
has a uniformly smoothing Schwartz-kernel. Since xa* A-kTl >a Tl Ker (T+)XA x is norm-limit of 
compact operators is compact and a compact projection is finite rank. □ 



5.2 Breuer-Fredholm perturbation 

Our main application of the splitting principle is the construction of a A-Breuer Fredholm 
perturbation of the leafwise Dirac operator. Recall the notations; Xk := {r < k}, Zk := {r > 
k}. Let 9 be a smooth function satisfying 9 = 9{r) = r on Z\ while 9(r) = on Xi/ 2 , put 
9 = d9/dr. Let Il e := Xh (D^ ) for I f _ := (-e, 0) U (0, e). Our perturbation will be the leafwise 

operator 

D e:U := D + m(u - D^Ue) for e > 0, «el. (16) 

We write D e u = Df u © D~ u and D eu/X for its restriction to L x , also for brevity D £j o := Dt- 
Notice that the perturbed boundary operator is 

D^l = £>^(1 - ILJ + u = Dfj> + u. (17) 

Since for e > 0, is an isolated point in the spectrum of D^q we see that Dfg is invertible 
for < \u\ < e. For further application let us compute the essential spectrum of 
B e u = D + Q,(u — D^He) on the foliated cylinder Zq with product foliation Tq x K. Since we 
deal with product structure operators we can surely think the Von Neumann algebra becomes 
EndA (-B) <£> B(L 2 (R)) where End\ (E) is the Von Neumann algebra of the base i.e. the 
foliation induced on the transversal X x {0}. The integration process shows that the trace is 
nothing but trA = ti'A„ <£>tr where the second factor is the canonical trace on B(L 2 (M.)). We 
can write 

B ^ ~ { d r + u + D*° (1 - n e ) J r M +V . (18) 

Consider the spectral measure fJ>A ,v 2 of V 2 on the transversal section Xq x {0}. We claim 
the following facts 

1. lu := inf supp(/x Ao: y2) > 

2. /iA,B 2 u (a, b) = co, < a < b, uj < b 

3. ^k,b'1 ( a 7 b) = 0, < a < b < u>. 
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First of all 1. is immediately proven since (fTT|) together with lfl8|) implies the inclusion 
spec(D^2) 2 c [(e + w) 2 , oo). To prove 2. one first uses the Fourier transform in the cylindrical 
direction. This gives a spectral representation of — d 2 as the multiplication by y 2 on L 2 (R). 
Choose some 7 < (6 — w)/2. We can prove the following inclusion for the spectral projections 

X(a, 1+ u,){V 2 ) <8> X(o, 7 )(-<9 r 2 ) C X(a,b){B 2 ^). (19) 

In fact one can also use a (leafwise) spectral representation for V as the multiplication operator 
by x. Then (fl9| is reduced to prove the implication 

a < x 2 < 7 + u), < y 2 < 7 => a < x 2 + ?/ 2 < b. 

From lfl9|) it follows Ma.b 2 „( a >&) > A^v 2 (a, 7 + w) • tr B ( £ 2( R )) X(o,7)( — S 2 ) — 00 m f act the 
first factor is non zero and the second is clearly infinite. Finally the third statement is very 
similar in the proof. We have shown that spec A e (_B 2 u ) = [u>, 00), then 

Proposition 5.8 — The operator D 6iU is A-Breuer-Fredholm if < \u\ < e. 

Next we shall investigate the relations between the Breuer-Fredholm index of the perturbed 
operator and the L 2 -index of the unperturbed Dirac operator. To this end we shall make use 
of weighted £ 2 -spaces as in the work of Melrose [TJ] . 

Definition 5.9 — For u e E, denote e u6 L 2 the Borel field of Hilbert spaces (with obvious 
Borel structure given by L 2 ) {e u9 L 2 (L X ] E)} x where, for x € X, e u9 L 2 (L X ; E) is the space of 
distributional sections w such that e~ u6 uj <G L 2 (L X ;E). Analog definition for weighted Sobolev 
spaces e ue H k can be written. 

Notice that e u6 L 2 (L x ;E) = L 2 (L X ; E,e~ 2u6 'dg^^) where dg is the leafwise Riemannian den- 
sity so these Hilbert fields correspond to the right representation of 1Z with the longitudinal 
measure x E X 1 — > e -2«e 'dgi Lx = r*{eT 2ud dg) (transverse function, in the language of the 
non commutative integration theory [12]). The operators D and its perturbation D t}U extend 
to a field of unbounded operators e u6 L 2 — > e u6 L 2 with domain e uB H 1 . Put 

e^L 2 x := |J e s °L 2 x . 

<5>0 

In what follows we will use, for brevity the following notation: dL x := L x n (dX x {0}) and 
Z x := dL x x [0, 00) for the cylindrical end of the leaf L x . 

For a smooth section s such that Df u x s = we have (Df u x )\dL x xM+( s± )\dL j: xR+ = that 
can be easily seen choosing smooth r-functions </>, ip with 4>x — 1 ; fe 1/4 = 1, supp(?/; C Z 1 / 8 ) 
and evaluating [Df u x ((j>(l - ip)s + (jnps) = 0}\ol :c xr+- 

The isomorphism W defined in the proof of finiteness property for the kernel projection, can 
be defined also as an isomorphism e u9 L 2 (dL x x R+,F) ~ Hb <S> e u9 L 2 (R + ) in a way that 
solutions of Df- s*- = with conditions s ± € e°° e n L 2 can be represented as solutions of 
[±d r + A + 9{r){u — x e (A)A)]M / s ± = with x e (A) = X(-e,o)u(e,o)(A) acting as a multiplier on 
® ■ L 2 (R, jjLj ) . In particular (forgetting for brevity the restriction symbol) 

Ws ± = (f(X)exp{Tu6(r)TX[r-9(r)xe(m (20) 
with suitable choosen (f(\) € L 2 (fij). 

Proposition 5.10 — Let e > 5 > and 6' € M then 
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1. £ G Ker e ^ i2 (Z>+) ^ £ Zx = e~ rD * 6 'h with h e X (D^)(-S',oo)L 2 x . 

2. £ € Kct l2 (D+ x ) ^ Z Zx = e -r^+9Wo?n„ l?1| wjth ft £ x(D ^ )(eoo)L 2 

3. £ G Kcr e ^ L2 p+J ^ Z\z m = e- rD '°+ e ^ D ' a ^h, with ft G )(_«,«,)!£, 

recall that II e>x = X(~e.e)~{o}(D x a )- Moreover the following identity (as fields of operators) holds 
true 

£,± e T0(r)z^8n e = e T»(r)r» ;F 8n,_ D ± i 



Proof — 

1. from the representation formula (|20|) of formal solutions for u = 0, e = it remains 
£ = &(A)e- Ar . Then e" 5 '^ must be square integrable hence 

£j(A) = ftj(A) G X(-5' ,oo){Dx 8 )- The remaining points are proved in a very similar way. The 
last statement is merely a computation. □ 

Solutions of Df x s^ = belonging to the space f] u>0 e L 2 (L X ;E ± ) are called L 2 -extended 
solutions, in symbols Ext(Df x ). 

Proposition 5.11 — For every x G X and < u < e 

1. Kcr L2 (£>±J = Kcr e - U * L2 = Kcr i2 (D^J (21) 

2. Ext(£>±J = Ker e „« i2 (D±J = Ker i2 (D± ±u , x ). (22) 

3. Ker La (£>±JcExt(£>±J (23) 



Proof — We show only the first equality of (J2TJ the others being very similar. This is a 
simple application of equation (|20|) . In fact, for u = 0, VYs* = (A) exp{=FA[r — 6*(r)x e (A)]}. 
The condition of being square integrable in (R, fj,j) g) (R + , dr) is easily seen to be equivalent 
to C/(A) = A < e, A-a.e and Cj~W — A > -e. In particular for r > 1 Ws ± = 
(A)e TAr x±A>c(A) then e^s* G L 2 if u < e. For the reverse inclusion the proof is the 
same. For the third stament note that e L 2 C e L 2 for every u, v G R with u < v then 
Ker L2 C Ext. □ 

Proposition 15.111 shows that the mapping x i — > Ext(Df a; ) gives a Borel field of closed sub- 
spaces of L 2 . No difference in notation between the space Ext and Ker and the corresponding 
projection in the Von Neumann algebra will be done in the future. Inclusion (j23|) together 
with !5.8l and the finiteness property of the L 2 -kernel projection finally says that the difference 

h% e = dim A (Ext(Df)) - dim A (Kcr L2 (D e ± )) = tr A (Ext(£)f )) - tr A (Kcr L 2 (Df)) G R (24) 

is a finite number. 

Lemma 5.12 — For e > 

1. dim A Ker L 2(D±) = lim„ i0 dim A Ker L i (Df TU ) = hm„ i0 dim A Ker L 2 (Df >±u ) - h Ae , 

2. lnd L 2 A (D+) = lim„ i0 Ind A (Z)+ u ) - h\ t = lim^o Ind A (£>+_„) + h Ae 
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Proof — Nothing to prove here, proposition 15.111 says that the inclusion is constant for u 
sufficiently small, the second one in the statement follows from the first by summation. □ 

Now define the extended solutions Ext(-D^) in the same way i.e. distributional solution of the 
differential operator £>± : C™(L X ; E ± ) — ► C^{E^;E) belonging to each weighted L -space 
with positive weights, 

Ext(£>±) = p| Ker e « eLa (.D ± ) = {s E C~°°(L X ; E^; D ± s = 0; e~ u6 s G L 2 Vu > 0}. 
«>o 

Here we have made use of the longitudinal Riemannian density to to identify sections with 
sections with values densities and the Hermitian metric on E, in a way that one has the 
isomorphism C~°°(L X ; E ± ) ~ C™(L X ; (E ± )* ® fl(L x ))* to simplify the notation. 
It is clear by standard elliptic regularity that the extended solutions of D ± are smooth on each 
leaf. In fact D ± a first order differential elliptic operator and one can construct a parametrix 
i.e. an inverse of D modulo a smoothing operator. An operator that sends each Sobolev 
space onto each other (of the new, weighted metric of corse). 

By definition Ext(£> ± ) C e u9 L 2 for every u > 0, define dim^ (Ext) as the trace in EndA(e u6l i 2 ) 
of the projection on the closure of Ext, now we must check that under the natural inclusion 
e u6 L 2 C e" L 2 (u < u') these dimensions are preserved. This is done at once in fact the 
inclusion Ext(D ± ) C e u9 L 2 Ext(D ± ) C e u ' e L 2 is bounded and extends to a bounded 

mapping Ext(£) ± ) — > ~Ext(D ± ) with dense range. Now the unitary part of its 

polar decomposition is an unitary isomorphism then the A dimensions are preserved by the 
essential property of formal dimension stating that if the space of homomorphisms of two 
random Hilbert spaces cointaines an invertible element then the dimensions are the same [T2] . 

Definition 5.13 — The A-dimension of the space of extended solution is 



dim A Ext(D ± ) := dim A Ext(£)±) 

for some u > 0. 



Proposition 5.14 — 

1. lim e |o dhxiA Ker/,2 (D^~) = dim\ Ker/,2 (D ± ) 

2. lim £i0 Ind L 2 A D+ = Ind L 2 A D + 

3. lim eio dim A Ext(Df ) = dim A Ext(_D ± ) 



Proof — 1. let £ G Ker i 2(Z)+ 2 ,) thanks to Proposition 15. 101 we can represent 

t\z x = e - rD * B+e ^ D * an - e > x h, h G X(e,oo)(-Df 8 )- From n e , x /i = we get 

D+£ lZxc = (D+ x + 6(r)D^ a IL e!X )^ Ztc = e{r)D^H^ x (e- rD - 0+e ^ D - 8n '--h) = meaning that 

Ker L 2(D+ x ) C Ker L a(.D+). Moreover 

D+(Kev L , (£>+)) = eD^U 6iX (Kev L 2(D+) c -6E%°e- rD * a X( _ e , e) (D^)(L 2 (dL x ® L 2 (R+)). 



Note that clearly diniA 



9D^°e- rD 



X{ -^(D^)(L 2 (dL x ®L 2 (R+)) 



by the nor- 



mality of the trace. Then the family of operators D^ KoY 2 ^ D +- ) '■ Ker £ 2(D + ) — > L 2 has 
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kernel Ker^D+J and range with A dimension going to zero. 1. follows by looking at an 
orthogonal decomposition Ker L 2(D + ) = Ker £ 2(D+) Ker £ 2(D + )/Ker i 2(D+). 

2. follows immediately from 1. 

3. consider the following commutative diagram 

Ker e se L 2(D + ) >■ Kei e (s+,)e L 2(D + ) 

Ker e « ia (Z>+) 

where = e ±m ' D:Fo . It is easily seen thanks to the representation of solutions in proposition 
15. 101 that each arrow is injective and bounded with respect to the inclusions 
e se L 2 <—> e^ s+2 ^ e L 2 e^ s+e ' e L 2 . Then adding to the right of the above diagram the column 
e (5+2e)6>£2 — y e {S+e)e jji one g e ^. g a new diagram. This last column can be used to measure 

dimensions. The inequality 

diniA Ker e ae L 2 (D + ) < d\m\ Ker e sa L 2 (D*) < dimA Kci e (s+,)e L 2 (D + ) 
follows and prove immediately 3.. □ 




6 Cylindrical finite propagation speed and 
Cheeger-Gromov-Taylor type estimates. 

6.1 The standard case 

A very important property of the Dirac operator on a manifold of bounded geometry X is 
finite propagation speed for the associated wave equation. Let P £ UDiff 1 (X, E) uniformly 
elliptic first order (formally) self-adjoint operator. The diffusion speed of P in x is the norm 
of the principal symbol sup^gg, \a pl (P)(x)\ (S* is the fibre of cosphere bundle at x). Taking 
the supremum on x in M one gets the maximal diffusion speed c = c(P). 
We say that an operator has finite propagation speed if its maximal diffusion speed is finite. 
Generalized Dirac operator associated to bounded geometry datas (manifold and Clifford 
structure) has finite propagation speed in fact its principal symbol is Clifford multiplication. 
Now an application of the spectral theorem shows that for every initial data £o G (X, E) 
there is a unique solution 1 1— ► £(i) of the Cauchy problem for the wave equation associated 
with P 

' di/dt-iPt = Q, 

£(0) = £o, (2b) 

This solution is given by the application of the one parameter group of unitaries £(t) = e rtP £o- 
By the Stone theorem the domain of P is invariant under each unitary e ltp and e ?iP is bounded 
from each Sobolev space H s into itself. In particular the domain of P is invariant under each 
unitary e ttp . 

Lemma 6.15 — For 9 suitably small and x e M, \\^(t)\\L 2 B(x,e-ct) 15 decreasing in t. In 

particular supp(£ ) C B(x, r) (=>■ supp(e ltp £ ) C B(x, r + ct). 

The proof is in J. Roe's book [26] Prop. 5.5 and lemma 5.1.. First one proves that for a small 
geodesic ball of radius r the function ||e 4tp £o||t 2 (B(a:,r-ct)) is decreasing. This is called the 
energy estimate; then the second step follows easily. 
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For operators with finite propagation speed one has the representation formula in terms of 
the inverse Fourier transform 

f(P) = f f(ty tp dt/2n. (26) 
Jr 

The integral converges in the weak operator topology, namely (f(P)x, y) = J f(t)(e ltp x, y)dt/2ir, 
for every x, y e L 2 (X; E). If X = S 1 this is just Poisson summation formula. 
Now formula i[26|) leads us to an easy method to obtain pointwise extimates of the Schwartz 
kernel [/(J 3 )] for a class Schwartz function /. In fact due to the ellipticity of P, f(P) is a 
uniformly smoothing operator and [/(P)] € UC°°(X x X;End(E)). 

Proposition 6.16 — Take some section £ e L 2 (X; E) supported into a geodesic ball B{x, r) 
then the following estimate holds true 

\\f{P)^\W(x-B {x ,R)) < (27r)- 1 /2||^|| L2(x) f |/( s) | dSj (27 ) 

JR-I R 

where 

Ir ■= with the convention that I R = if R < r. 



Proof— See [29] □ 
So the point of view is the following; 

1. Mapping properties of f(D) will lead to pointwise estimates on the Schwartz kernel of f(D) 
[TO] . More precisely; start with a compactly supported section s, suppose we can extimate the 
L 2 norm of the image f(D)s on a small ball B at some distance d from the support, then by 
elliptic regularity (Garding inequality) and Sobolev embeddings we can extimate the kernel 
[/(£>)] pointwisely. 

2. This L 2 norm, ||/(D)s||i2(B) is extimated in terms of the L 1 norm of the Fourier transform 
|| /|| z,i (r). As d increases we can cut large and large intervals around zero in K. This means 
that the relevant norm becomes ||/||ii(R_/ d ) where Id is an interval containing zero. The 
limit case of this phenomenon says that spectral functions made by functions with compactly 
supported Fourier transforms will produce properly supported operators i.e. operators whose 
kernel lies within a (S-neighborhood of the diagonal. For an application of finite propagation 
speed in Foliations one can look at the paper [27] where is showen that spectral functions 
f(D) where / has compactly supported Fourier transform belong to the C* -algebra of the 
foliation. Estimate (|27|l is the starting point. In the following proposition pointwise estimates 
on the Schwartz kernel are worked out from this mapping properties. This is a very rough 
version of the ideas contained in [10]. A complete proof in [29] . 



Proposition 6.17 — Let n > sufficiently small, x,y € X put 

R(x, y) := max{0, d(x, y) — ri} 

and n := [n/2+1], n = dimX, I(x, y) := (—R(x, y)/c, R{x, y)/c). For a Schwartz class function 

/ 6 5(K) 

2n+l+k „ 

vLv*[/(p)] (a , w) 

3=0 



<C(P,l,k,n) 



;«( S ) 



ds . 



(28) 
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In the special case of the heat kernel [ f (P)] = [ e -* p ] when f(x) = e~ tx , f(s) = {2t)- 1 / 2 e~ s / 4t , 
one can use the Hermite polynomials to write the derivatives of /. this leads to the well known 
estimates 

, v j V k [pmp -tp\ | < / C(k, I, m, P )t-^e- R2 /^, t>T + 

|V.V„[P e ] ( . ll0 |< | c(fc; ^ TO;P)e ^ t; d(x, y )>2r 1 ■ (29) 

There's also a relative version of Proposition 16.171 in which two differential , formally self- 
adjoint uniformly elliptic operators Pi and P2 are considered. More precisely relative means 
that Pi acts on E± — > X\ and P2 acts on £2 — > X 2 with open sets U\ C X\, XJ% C X 2 
and isometries (p : Ui — > U 2 and $ : £11^ — > ^2ic; 2 with $ o y> = o $ making possible to 
identify Pi with P 2 upon P = Ui = U 2 i.e. $(Pis) = P 2 ($s), s G CfQJ^Ex) where $ is 
again used to denote the induced mapping on sections 

$ : C™{Ui;Ei) — ► C™(U 2 ;E 2 ), (&s)(y) := ^-i^s^" 1 (?/)). Thanks to the identification 
one calls P = Pi = P 2 over U . Then the relative version of the estimate ([28]) is contained in 
the following proposition. 

/ — (D(x v) Q(x y) 

Proposition 6.18 — Choose r 2 > and let an, y be in U. Set J(x,y) := — , 

V c c 

where y) := max{min{d(x, dU);d(y, dU)} — r 2 ; 0}. For a class Schwartz function / G <S(R), 

2fi+Z+fc „ 

|ViV^([/(P 1 )]-[/(P 2 )]) (;E ,, ) |<C(P 1 ,A : ,;,r 2 ) £ / \P\s)\d8. 

j=Q JVL-J(x,y) 

More precisely the reason of the dependence of the constant only to Pi is that it depends upon 
Pi\u where the operators coincide. 



C(k,l, mi Pi)t- m / 2 e-Q^'y^ / 6c \t>T 
C(M,™,P)e~ Q(;r ' y)2/6c2 *, t > 



Proposition 6.19 — The relative version of ([29]) is 

\V l x V k y ([P?e- tp ?} [Pre- tP ^ y) \ < 
for x,yeU, d(x, dU), d(y, dU) > r 2 . 

6.2 The cylindrical case 

In this section our manifold L will be the generic leaf of the foliation i.e. start with a manifold 
with bounded geometry Lq with boundary dL composed of possibly infinite connected com- 
ponents and a product type Riemannian metric near the boundary. Glue an infinite cylinder 
Zq = 8Lq x [0, 00) with product metric and denote L := Lq Uql Zq. Let E — ► L be an Her- 
mitian Clifford bundle. Every notation of section [2] is keeped on. Recall that Ei Zo = F © P. 

Definition 6.20 — We say that a first order uniformly elliptic (formally) selfadjoint operator 
T G Op 1 (L;P) has product structure if 

1. T restricts to Lq and Zq i.e. supp(Ps) C Lq(Zq) if s is supported on Lq (Zq). 

2. Ti Lo is a uniformly elliptic differential operator. 
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3. T restricts to the cylinder to have the form 

T lZo =c( dr )8 r + nB(r)=( B(r) ° +d{r) B (r)~9r^ 

for a smooth mapping B : R+ — ► OY> 1 {dL ;E) with values on the subspace of uniformly 
elliptic and selfadjoint operators. Furthermore suppose that B{r) = B is constant for r > 2. 

However this is only a model embracing our Breuer-Fredholm perturbation of the Dirac 
operator in fact 

(-D e ,u.*)|a x xR+ = c{d r )d r + n(0u~ 0£>^II £ + D**) . (30) 

B(r) 

In this sense every result from here to the end of the section has to be thought applied to 
D t , u . 

Some words about the smoothness condition on the mapping B. Here we shall make use 
only of pseudodifferential operators with uniformly bounded symbols, (almost everywhere 
they will be smoothing operators) hence the smoothness condition of the family is the usual 
one. In particular this is the smoothness of the family of operators acting on the fibers of 
dL x M+ — > R + , B(t) e Op 1 (dL x {t}] E). If U is a coordinate set for 3L such a family 
is determined by a smooth mapping p : R+ — > Sh om (/7) in the space of polihomogeneous 
symbols. Here smooth means that each derivative 1 1 — ► d k a/dt k is continuous as a mapping 
with values in the space of symbols (with the symbols topology, see [30]) Again the spectral 
theorem shows that for a compactly supported section £o <G C^(L;E) there is a unique 
solution 1 1— ► £(t) of the Cauchy problem ([25| for the wave equation associated with T. This 
solution is given by the application of the wave one parameter group e ItT with the same 
properties written above in the standard case. 

Proposition 6.21 — Cylindrical finite propagation speed. Let U = 8L x (a, b) 

< a < b and B(U,l) = {x e L : d(x,U) < I}. For £ G C™(L;E) let = e ltT £ Q the 
solution of the wave equation. If a < a the function \\£,{t)\\L 2 (B(u.a-t)) IS not increasing in t. In 
particular supp(£ ) C U l=> supp(^(i)) C B(U,t). 

Proof — The product structure of the operator makes us possible to repeat the standard 
proof of the energy estimates and finite propagation speed. The proof consist in showing 
that d/ dt\\£,{t)\\ 2 L 2( B (ij a _ t yj < 0. Everything works because T has product structure, the 
integration domain is a product and the operator B{t) is selfadjoint on the base. Notice also 
that that £(t)\dL x{r} is in the domain of B(r) by the theorem of Stone [25] (however it is 
certainly true for operators in the form of our perturbation lj30|) ). □ 

As a notation for a subset H C L and t > put H *t := B(H, t) U dL Q x (cc — t, (3 + 1) where 
a := inf{r(z) : z £ H n Zq} and j3 := max{r(z) : z £ H n Zq\ in other words H *t is the set 
of points at distance t from H in the cylindrical direction. 
It is clear from (|6.21|) the inclusion 

supp(e rfT £) csupp(0*|*|. 

Then the cylindrical basic Cheeger-Gromov-Taylor estimate similar to (|27| is obtained noting 
that proposition 16 . 2 II is certainly true if the propagation speed is c, for a section £ supported 
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into a ball B{x,r ) and / £ S(R) let I R := (- (R-r ) /c, (R-r ) /c) if P > r and 7 fl = if 
r < R then, 

H/(i , )flU a ( £ -B(x,n,).«) = ( 2 ^)" 1/2 / f(s)e isP Zds 

JR L 2 (L-B(x,r )*R) 

<(2^)- 1 /2|| e || L2(L) ||/|| L1(R _ /R)j 
since suppe* sP £ n (L - B * R) = for \t\ <(R- r )/c. 

Proposition 6.22 — Choose two points on the cylinder z\ = {x\, s\) and z 2 = (x 2 , s 2 ) with 

Si >n, \ Sl -s 2 \ > 2n, put I(z u z 2 ) := (- lfl^ggl±?l l s i '^l -m then for f eS (R), 

V c c / 

2n+i+fe 



j"=0 J R-I{zi,z 2 ) 



with n := [n/2 + 1] 



Proof — The proof is identical to the proof of Proposition 3.9 in [29]. There is only a 
subtle point we need to reckle, it is when one let P J act on [f(P)]( x ,»)- This is perfectly 
granted by the smoothing properties of f(P) in fact, let the bundle be L x IR and identify 
distributions with functions through the Riemannian density. The operator /(P) extends to 
an operator from compactly supported distributions to distributions (actually takes values 
on smooth functions). Consider the family of Dirac masses S y (-) concentrated at y, first note 
that [f(P)](x, y ) = (f(P)fiy('))( x ) m f a °t this is, by selfadjointness, equivalent to 

(f(P)5y,S) = (Sy,f(P)s) = J [f(P)]^ y) t(z)dZ. 

Now the Sobolev embedding theorem says that S y £ H k (X) with k < —n/2 with norms 
uniformly bounded in y. Since f(P) maps every Sobolev space into each other Sobolev space, 
every section [/(P)]( x ,») (and the symmetric one by selfadjointness) is in the domain of P J . 

□ 



Corollary 6.23 — With the notations of the proposition above 

1. If \si — s 2 \ > 2n, Si > n 

\Wi 1 Wl 2 [P m e~ tp \ ZuZ2) \<C(k,l,m,P)e 6i (31) 

2. Let ipi,ift 2 compactly supported with supports at r-distance d on the cylinder, then for the 
operator norm 

||ViP m e- tP >2|| < C(m, ^1, ^ 2 )e- d2/6t ,t > 0. (32) 

3. The relative version of lf3"Tj) is 

^ w k^ p m e -tP 2 -T m e- tT2 ] {ziiZ2) \ < C(k,l,m, P)e { - {min{si - S2} ~ r2)2/et} . (33) 



Proof — The second statement follows immediately from the first one while the third can 
be proven exactly as proposition 16. 181 □ 
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7 The eta invariant 



7.1 The classical eta invariant 

The eta invariant of Atiyah Patodi and Singer appears for the first time in the following 
theorem that we write in the cylindrical case. 



Theorem 7.23 — Let X a compact manifold with boundary Y and product type metric on a 
collar Y x [0, 1], attach an infinite cylinder Y x [— oo,0] to get the elonged manifold X:=X. Let 
D : C°°(X;E) — ► C°°(X;F) a first order differential elliptic operator with product structure 
near the boundary i.e. D = <j{d u + A) where oE\ Y — ► F\yE is a bundle isomorphism, d u is the 
normal interior coordinate and A is the boundary self-adjoint elliptic operator. Then the operator 
D extends to sections of the bundles extended to X and has a finite L 2 index given by the formula 



ind(D) = dim L2(jt B) (D) - dim L2(jt E) (D*) = J a (x)dx - r?(0)/2 - 



Here the defect number ?/(0), is called the spectral asymmetry or the eta invariant of A and is 
obtained as follows: 

the summation on the non negative eigenvalues of A, r](s) := 2Z A7 ^ sign(A)|A| ~ s converges 
absolutely for Re(s) >> and extends to a meromorphic function on the whole s-plane with 
regular value at s = 0. Moreover if the asymptotic expansion has no negative powers of t then 
rj(s) is holomorphic for Re(s) > —1/2. That's the case of Dirac type operators on Riemannian 
manifolds. 



7.2 The foliation case 

The existence of the eta invariant for the leafwise Dirac operator on a closed foliated manifold 
was shown by Peric [22] and Ramachandran (23] . In fact they build different invariants, Peric 
works with the holonomy groupoid of the foliation and Ramachandran with the equivalence 
relation but the methods are essentially the same. So consider a compact manifold Y with a 
foliation and a longitudinal Dirac structure i.e. every geometrical structure needed to form a 
longitudinal Dirac-type operator acting on the tangentially smooth sections of the bundle S, 
D : C£°(Y; S) — > (Y; S). In our index formula Y will be a transverse section of the cylinder 
sufficiently far from the compact piece and D is the operator at infinity. Suppose also that a 
transverse holonomy invariant measure A is fixed. 

The passage from the summation rj(s) = J2\ s ig n (^)l^l _s which deals with the discrete spec- 
trum to a continuous spectrum and family version is given by the definition of Euler gamma 

1 8-1 2 

function sign(A)|A|~ s = s+1 J g Xe~ tx dt. Each bounded Borel spectral function of D 

belongs to the Von Neumann algebra of the foliation arising from the regular representation 
of the equivalence relation on the Borel field of L 2 {S). Replace the summation by integra- 
tion w.r.t. the spectral measure of D and (formally) change the integration to define the eta 
function of D as 

sign(A)|A|- s dMA) = Tq- S +TT / t^ 1 tr A {D e - tD ' 2 )dt. (34) 
-oo 1 1 - ! - > Jo 

We shall use also the notation 

/>oo pk 

r) A (D;s) k := / tr A (D e - tD2 )dt, ri A (D;s) k := / t^ 1 tr A {De- to2 )dt 

Jk JO 
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Theorem 7.23 — (Ramachandran) The eta function (|34|) is a well defined meromorphic 

function for Rc(s) < with eventually simple poles at (dim T — k)/2, k = 0, 1, 2, It is regular 

at and the value t]a(D;0) is called the foliated eta invariant of D. 



Proof — We give a sketch of the proof since we shall use it in our computations for the eta 
invariant of the perturbed Dirac operator. 

First step. Prove that for every s £ C with Re(s) < the integral J. 00 i~ tv\{De~ tD )dt 
is convergent; This is proven by simple estimates with the use of the spectral measure. In 
particular here the spectral measure Ha,d is tempered i.e. there exists some positive I such 

that f — r~iT\du,AD < oo. In fact this measure corresponds to a positive functional 1 231 

(1 + \x\ l ) 

I : S(R) — > R, 1(f) = tr A (/(Z>)). The same is obviously true for the square D 2 = \D\ 2 . 
Second step. The examination of the finite piece J Q tiA(De~ tD )dt is done using the 
expansion of the Schwartz kernel of the leafwise operator De~ tD . One can prove that there 
exists a family of tangentially smooth and locally computable functions {^ m }m>o so that 
the kernel K t (x,y,n) (n the transverse parameter) of the leafwise bounded operator De~ tD 
has the asymptotic expansion 

K t (x, x, n)~Y. t (m - dhl ^- 1)/2 y m (x, n). (35) 

m>0 

Moreover ^ m = for m even. The proof is an adaptation of the classical situation [12]. Now, 
thanks to the expansion ([35]), since the operator De~ tD is A trace class and the trace is 
the integral of the Schwartz kernel against the transverse measure we get the corresponding 
expansion for the trace 

vm I! ^ - e a+ro ! dim ^ X ^ 

where J ^ m d\ = A(^ m dg) is the effect of the integration of the tangential measures x i — > 
^ m \i x x dg\i x - From f36|) we see that the eta function has a meromorphic continuation to the 
whole plane with (at most) simple poles at (dim T — k)/2, k = 0, 1, 2, .... 
Third step. Regularity at the origin. If p = dim J 7 is even we have said that the coefficients 
ty m of the development ([35| are zero for m even, then the eta function is regular at 0. If p 
is odd the regularity at zero follows from a very deep result of Bismut and Freed [5] . In fact 
they showed that the ordinary Dirac operator satisfies a remarkable cancellation property, 

trODe- iI32 HO(t 1/2 ). 

Since the A-trace can be, as pointed out by Connes |12j . locally approximated by the regular 
trace their result applies to our setting to give K t (x, x, n) ~ J2 m > P +2 i^" l_p_1 ^ 2 ^'(a;, n), and 

almost everywhere 

the regularity at the origin follows immediately. □ 

7.3 Eta invariant for perturbations of the Dirac operator 

Let us consider slightly more general operators 



in the esse of the holonomy groupoid the m are locally bounded i.e. bounded on every set in the form 
of r~ x K for K compact in Y 
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1. P = D + K where K £ Op"°° is leafwise uniformly smoothing obtained by functional 
calculus, K = f(D) where / is a bounded Borel function supported in (—a, a). 

Start with the computation 

Qe- t( l 2 - De- tD2 = K e -^ D+K ^ - D f e -^ D+K ^(KD + DK + K 2 )e^ D 'da. (37) 

Jo 

The family ([371 converges to as t — ► in the Frechet topology of kernels in 0p _o ° with 
uniform transverse control. Indeed for kernels K(x,y,n) (n is the transverse parameter) one 
uses foliated charts to define seminorms that involve derivatives w.r.t. x,y. From ([37)) one 
gets the development 

tr A (Qe- t « 2 ) ~ t _ V t "- d T'- 1 f y. dA + trA (#) + g{t ) ( 38 ) 

where g € C7[0,oo) with g(0) = 0. Then an asymptotic development for ?7a(Q)(0)i as |36|) 
follows. 

2. The smooth family u i — > Q u := D + K + u. 

The function trA(<3 u e~*^«) is smooth ( same identical proof as [29]) then, since Q u = I, 
<9«tr A (Q u e- t( 2") = (1 + 2td t ) trA^e"*^). By integration 

9»»1a(0„, S )i= / 1 ^^ tr A(Q:e- Q ")-- F 7iTT / t (a - 1)/a tr A (Q; e -*0-)(ft. (39) 
Jo 1 (. — J 1 ( — j Jo 

Now proceed as before using the asymptotic development of the heat kernel for D + u 0, 
tr A (Q;e-*Qi) = tr A (Q^e-*0«) ~ E m>0 a m( fl + u)^™- dim ^/ 2 + ff (t) where 5 e C[0,oo), 
g(0) — 0. We see that the integral in |39|) admits a meromorphic expansion around zero in 
C with zero as a pole of almost first order. Then the derivative d u r]\(Q Ul s)i is holomor- 
phic around zero. The identity d u Res| s= n T]\(Q U , s)i = Rcs| s=0 d u r]^{Q u , s)± = says that 
R.eS| s= o7? A ((2„,s)i is constant in u then the function T)a(Qu,s)i is holomorphic at zero since 
Va(Qo, s )i is holomorphic in 0. 

3. Families in the form Q u = D + u + HD for a spectral projection fl = X(-a,a)(D). 



Proposition 7.24 — The eta invariant for Q u exists and satisfies 

t]a(Q u ) = LIM^o / ^ T7 ^tr A (Q u e- tQ -)dt+ — — tv A (Q u e- tQ -)dt 
Js IK 1 / 2 ) Ji IK 1 / 2 ) 

where LIM is the constant term in the asimptotic development in powers of 5 as t — > 0. Moreover 
for every u £ M. and a > 0, 

a. t]a(Q u ) - i]a{Qo) = sign(u)tr A (Il) 

b. va(Qo) = 1/2»/a(Q«) + l/2r? A (Q_„) 

c. |77a(£>)-77a(Qo)| = MILD)| <MA,u((-o,o)). 



Proof — The first statement can be proved as above. 

a. using the spectral measure we have to compute the difference 



oo 



i~ 1/2 / (x + u- X x)e- t{x+u - xx) ' -{x- X x)e~ t{x ~ xx) ~ <Iiia,d{x) 



dt 



r(i/2) 



7 (D + u) is a generalized Laplacian 
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where \ = X(- a ,a)( x )- Split the integral on R into two pieces, \x\ > a and \x\ < a. 
First case, \x\ > a. Changing the integration order the first integral is 

r(l/2) _1 Ji x i >a J^°( x + u)t~ 1,l2 e~ t ( x+u * > dtd^,K,D{x) and performing the change of variable 
a := t(x + u) 2 in the second we see that the difference is zero. Second case |x| < a, the second 
integral is zero, the first is 

tu 2 — a 

b. and c. easily follow from a. □ 



8 The index formula 

This section is devoted to the proof of the index formula. Computations that are not different 
from that of [29j are omitted for brevity. First we introduce the supertrace notation. Since 
the bundle E = E + © E~ is Z 2 -graded, there is a canonical Random operator r obtained 



L 2 {L X ;E~) 



by passing to the A-class of the family of involutions t x := ( ^ l3 (.l x -,e+'\ 



5+ 



Now the A-supertrace of B € End A (-E0 is by definition strA(B) := tr\(rB) 



Now according to proposition 15.81 for < |it| < e the perturbed operator D e u is A-Breuer- 
Fredholm. Consider the heat operator e~ tD *<•»■•<* on the leaf L x . This is a uniformly smoothing 
operator with a Schwartz kernel (remember that the metric trivializes densities and [•] means 
Schwartz kernel) in the space C°° -sections that are bounded together with each covariant 
derivative, [ e - tD '^,*} g UC°°(L X x L x ;End(E)). It is a well know fact the convergence for 
t — ► oo in the Frechet space of UC°° sections to the kernel of the smoothing projection on 
the I/ 2 -null space, 

lim [e-" 3 ?.-,-] = \x{o}(D e , n , x )]. 

This is a consequence of the continuity of the functional calculus from rapid decaying Borel 
functions into C°° uniformly bounded sections, RB(WL) — > f7C°°(End(E)) applied to the 
sequence of functions e~* A — > X{o} m RB(&). Choose cut-off functions 4*k € C^°(X) such 
that 4>k\x k = 1) < t'k\z k+1 = 0- The measurable family of bounded operators {<pkG~ tD '< u:c 4>k}x£X 
gives an intertwining operator <f>ke~ tDe -"4'k G End7j(L 2 (£')) hence a random operator 
<j> k e- tD l^ k g End A (L 2 (E)). 

Lemma 8.25 — The random operator 4> k e~ tD '^4>k G EndA(L 2 (£')) is A-trace class. The 
following formula (iterated limit) holds true 

ind A (D+J =str A (x {0 }(A, u )) = lim lim str A (0 fe e- tD « -0 fe ). (40) 



Proof — For the first statement there's nothing to proof, it is essentially the closed foli- 
ated manifold case. The local traces define tangential measures that are C°° in the direction 
of the leaves while Borel and uniformely bounded (by the uniform ellipticity of the oper- 
ator) in the transverse direction and we are integrating against the transverse measure on 
a compact set. More precisely we are evaluating the mass of a compact set through the 
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measure where h is the longitudinal measure that on the leaf L x is given by A i — > 
J A strEnd(s) [e _t ' De, "]diagrf5|L x , with strE n( j(_E) the pointwise supertrace defined on the space 
of sections of End(E') — ► X by (str End ( S ) j)(x) := tr cnd ( E:c )(T(x)j(x)). The limit formula 
(|40l) is nothing but the Lebesgue dominated convergence theorem applied two times, first 
strA(X{ } (As,u)) = linifc-»oo str A (0 fc x {o} {D ttU )4> k ) but for fixed fc one finds 

str A (0fcX{o}(-De,«))<? !, fc) = lim str A (0 fc e »<"</>*;)■ 

The possibility to apply the dominated convergence theorem is given again by the integration 
process in fact as written above every tangential measure has smooth density w.r.t to the 
Riemannian metric and convergence is within the Frechet topology of C°° functions. 

□ 

Now, Duhamel formula d/dtstv A (<f) k e~ t:D '>' u (f) k ) = — str A ((/>fc_D 2 jtl e~ tDs <"(/>A;) integrated be- 
tween s and oo leads to the identity 

/>oo 

lim str A (0 fc e-* I) ""0 fc ) = str A ((j) k e- sD <. »<f> k ) - / str A (0 fc L> 2 u e~ tD l »<£ fc )di. 
Note that the right-hand side is independent from s > 0. Then 



md A (D+ ) = lim 

k — >oo 



stY A ^ k Dl u e- tD lv(j) k )dt 



(41) 



Split the integral into 



poo 

str A (<j) k D 2 u e~ tD <.»<f> k )dt = / stT A (<j )k D 2 eu e- tD l-(j )k )dt+ str A (<p k D 2 u e~ tD l «<j> k )dt 
and make the following definitions 

oo(fc, s) = stT A ((t) k e- sD "^(l} k ), (3 (k, s) = str A (<f> k Dl u e- tD *.-(f> k )dt 



M, s) = ffstT A (<t> k Dl u e- tD l^ k )dt, faik, a) = S% S tr A {4> k Dl u e- tD l*4> k )dt 

Then Po{k, s) = /3oi(k, s) + 002$, s) and 

ind A (D+J = lim [a (k,s) - o (k,s)] = [a (k,s) - /3 i(M - An (*,*)]■ (42) 

A: — >oo 

Let us start with /3rji. 

Lemma 8.26 — Let r} A {D^g) be the Ramachandran eta-invariant for the perturbed operator 
Df® on the foliation at the infinity. Then the following limit formula is true 

lim LIM s _> /3oi(M = lim LIM a _ / str A (0fci3L»e- tr W fc )<k, = l/2*/ A (DfS) 

where as usual LIM s ^ ff(s) is the constant term in the expansion of g(s) in powers of s near 
zero. 

Proof— The integrand is str A (0 fe L> 2 u e _tD «. «0 fc ) = -1/2 str A (c(a r )(9 r (^)£) e , u e _ * £ '« .«). In 
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the next we shall use the notation [a, b] := ab — (— l)l a l'l b l&a for the Lie-superbracket@ on the 
Lie-superalgebra of C-linear endomorphisms of L 2 (X,E + E~) while, when the standard 
bracket is needed we write [a, b] := ab — ba. Notice that [a, ab] — [a, a]b + (— l)l a l'l a la[a, b}. 
Remember the definition of D e u , in the cylinder. It can be written 

D 6iU = D + m(u - Df°) = c(d r )d r + Q 

with the Clifford multiplication c(d r ) = ( ^ 0^ ) an< ^ ^ 1S ^ + ~ mvar i an t m ^ ac ^ ^ ac ^ s 011 
the transverse section. The next identities are also useful 



De ' U ~ { D+ u O'" ) ' 6 " y e~ tD U D ^ J ' 

n- p- tD tu D 7u - P - tD : \ D i u n- n+ P -t D 7,u D tu - P ~ tD t u D 7un+ 

These are nothing but a rephrasing of the identity D etU e~ tD '^ = e~ tD ^ u D e ^ u granted by 
the spectral theorem. Now it's time to use the Cheeger-Gromov-Taylor relative estimates. 
Consider the leafwise operator 

S £ , u := c(d r )d r + fi(u - D^») (43) 

on the infinite foliated cylinder (in both directions) Y = dX$ x R with the product foliation 
Tq x R. Choose some point zo = (^o,?") on the cylinder. Estimate (f33|l says that we can 
compare the two kernels at the diagonal leaf by leaf for large r and this estimate is uniform 
on the leaves, 

\\\D e , u , Zo e- tD ^.*o] - [S Wo e-<«.*o]|| (Z)2) < Ce-^-^l^ (44) 

for z = {x,r) <E L ZQ . From l(44|) . since the derivatives of 4>k are supported on the cylindrical 
portion = 9X x [k, k + 1], 

|str A (c(5 r .)a r ^.L» eu e"* £, '=") -str A (c(a r )a r ^S' etl e" t ' S '=")|(it = / / Q(z,t)dA g dt 

Js Jzl +1 

(45) 

where A g is the coupling of A with the tangential Riemannian measure and 6(z, r) is the 
function <d(z,r) := \\c(d r )d r 4>\[D c _ U}Z e~ tD '-< u >= — S t _ U}Z e~ tS '- u - z ] \\ i z ,z)- Let 7fe be a transversal 
of the foliation .Ffc induced on the slice {r = k} then 7^ is also a transversal for T (the 
boundary foliation has the same codimension of T) . The transverse measure A defines also a 
transverse measure on the boundary foliation. Then the foliation T^ z k+i is fibering on 7^ as 

in the diagram dT x [k,k+ 1] — > %. Use this fibration to disintegrate the measure A g . This 
is splitted into dAg x dr where Ag is the measure obtained applying the integration process 
of A (restricted to ) to the g\g. In local coordinates (r, x\, X2 P -i) x (a^p, x n ) the 
transversal is decomposed into pieces 7fc = {(k, x®, a^p-i)} x {( a; 2p, ^n)} and we are 
taking integrals 



X 



/ 6(r,xi, ...,a;2p-i,a;2p, — ,x n )drdx! ■ ■ ■ dx 2p -idA(x 2p , -,x n ) (46) 

J\k,k+1] * v ' 

: dA 3 

0(x, r)dA$dr. 



T k x{x 1 ,...,x 2p -i} J[k,k+1] 

this is dAg 



T k J[k,k+1] 



s everything we say about super-algebras can be found in [4] 
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Equation (06]) can be taken as a definition of a notation that will be used next. Notice that 
l Tk contains a slight abuse of notation, in fact to follow rigorously the integration recipe one 
should write Jg XoX {k}- We P re f er the first to stress the fact that we are splitting w.r.t the 
foliation induced on the transversal. With this notation in mind [29] the right hand side of 
(l45l) is less than 



Vfe 

c{d r )d r (j> 2 k [D^ u e~ tD '^ - S t . u e~ tS '^]\\^ x ^)^ x ^))drdK a dt 

F z J[k,k+l] 



< C(e- fc3/2 / Cl +e- C2/s ) 
for sufficiently small! s and large k. This estimate says that 

UM.,^0 m (k,s)= lira UM,_n / 

k — >+oo 



hm LIM s ^oA>i(M) = lim LIM s - / stv A (c(d r )d r (j) 2 k S^ u e~ ts ^^)dt. 

' — ►+oo fe — !- + oo J s 



Now the second integral (on the cylinder) is explicitly computable in fact the Schwartz kernel 
of the operator S e ,u,z e e ' u '" 011 the diagonal is easily checked to be 

In particular it does not depend on the cylindrical coordinate r. Now the pointwise supertrace 
on End(-E) is related to the trace on the positive boundary eigenbundle F via the identity 
(the proof in @]) str B (c(d r )fi») = -2tr F (»), then 

i-Vk pVk p i T 

/ stT K {c{d r )d r <t>lS e , u e- ts ^)dt= / -=tT F [D?° ux e-« D <U ] {x , x) ■ dk d dt, 

Js Js J To V7TI 

with the same argument on the splitting of measures as above. Finally it is clear from our 
discussion on the 77-invariant (exactly proposition 17. 24|1 that 

limfe^ LIM s _ /3oi(fc, s) = lim^oo LIM S ^ ff*L -L tT F [D^e-<<°^X x , x) ■ dk d dt 

V nt 

= l/2 m {D^ u ). □ 



Lemma 8.27 — Since D eu is A-Breuer-Fredholm for < \u\ < e then 



lim /3 02 (k,s) = Urn / str^D 2 u e~ tD ^(j) k )dt = 0. 



k — >oo k — >oo 



Proof — From the very definition of the A-essential spectrum there exists some positive 
(7 = a(u) such that the projection H a = X[-a.cr]{D eyU ) has finite A-trace. Then, from the trick 

e~ D lu = e- D U 2 (l - n CT + n CT ) e - D «,-/ 2 

poo roc 

|A»(MI< / e-^- 1 ^\str A (^ k Dl u e- D ^ ( j )k )\dt+ / | strAp^e-^-lL,)^ 

Js/k JVk 

" v ' S v ' 

Po2i(k,s) P(l22(k,s) 



9 y s e -ay- < , y/2 foj . ^ ^ ^ Q > q 

2ae 



29 



Now the Schwartz kernel of (D^ u e~ D '- u ) x is uniformly bounded in x and varies in a Borel 
fashion transversally. When forming the A-supertrace we are integrating a longitudinal mea- 
sure with C°°-density w.r.t. the longitudinal measure given by the Riemannian density. Let 
as usual be A g the measure given by the integration of the Riemannian longitudinal measure 
with the transverse measure A. If A is a uniform bound on the leafwise Schwartz kernels of 
(D^ u e~ «■«), and T is a complete transversal contained in the normal section of the cylinder 
(the same of Lemma I8.26j) , we can extimate 
Am(M < J^A(A g (X Q ) + AiT^e-^-^dt 0. 
For the second addendum, changing the order of integration dt — ► d[j,A,D su , 

/WM) <C f e-^ x2 dfi A ,D t , u (x) < Cfx AtDe , u (x)([-a,a}) -^ k ^oo 

J — rr 

since the A-essential spectrum of Z? £jU has a gap around zero and the normality property of 
the trace. □ 

It is time to update equation (|42|) . 

ind A (D+J = lim [a (k, s) - (3 (k, s)] = lim LIM^ a (fc, s) - l/2i lA {Df°). 

' k — >oo k — >oo 



Lemma 8.28 — There exists a function g(u) with lim„_o g( u ) = such that for < e < u, 

lim LIM^ a (M = lim LIM S _ str A (0 fce - s ^"0 fc ) - (A{X) Ch(E/S), C A ) + g(u). 

k — >oo k — ^oo 

Here the leafwise characteristic form A(X) Ch(E/S) is supported on Xq, in particular it belongs 
to the domain of the Ruelle-Sullivan current C A associated to the transverse measure A. 



Proof — This is the investigation of the behavior of the local supertrace of the family of 
the leafwise heat kernels str E [e~ sD ^™}\ di ag on the leafwise diagonals. We can do it dividing 
into three separate cases 

1. For z£l everything goes as in the classical computation by Atiyah Bott and Patodi 
[I] LlM s ^ stT E [e~ sD '.".-] {XiX) dg z = A(X, V) Ch(E/S, V)(x), where dg z is the Riemannian 
density on the leaf L z . 

2. In the middle, z €E 8Xq x [0,4] there's the cause of the presence of the defect function 
g(u), more precisely we show that the asymptotic development of the local supertrace is the 
same for the comparison operator Sq. u defined above 

str^ae-^*])^) * X>j(So,«) W s b '- diin * )/a 

with coefficients a,j(So !U ) smoothly depending on u satisfying a,j(So, u ) = for j < dim^ r /2 

3. Away from the base of the cylinder z = (y, r) £ Z r > 4 we find [e~ S:U ' z ]( y , r ) = 0- 
Below the proofs of these facts. 

1. We can consider the doubled manifold 2X so that we can apply the relative estimate 
of type Cheeger-Gromov-Taylor in the non-cylindrical case (the perturbation starts from the 
cylinder) . Proposition 16.191 shows that the two Schwartz kernels of the Dirac operator and 
the perturbed operator D e u have the same development as t — ► The local computation 
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of Atiyah Bott and Patodi, or the Getzler rescaling ([H],[II]) can be performed as in the 
classical situation. 

2. We are going to use an argument of comparison with the leafwise operator 
S e ,u ■= c(d r )d r + ^(D^ 9 + 9 (u — rieD^)) on the infinite cylinder dX x R equipped with the 
product foliation Tq x R. Notice that, due to the presence of 9 this is a slightly different form 
of the operator (|4*3"ll . Choose some function ipi supported in <9A x [—1, 5] and ipi\gx x[o,4] = 1- 

The first fact we show is lim^o str A (?/>i(e~ sS » 2 " - e~ sSf2 .")^i) = 0. 

Now, S e , u = S , u - nn^ = c{d r )d r + H with H = QD^ 3 + Q9u hence 

sl, u - s lu = -^on.D^ - 2(D r ° + 9u){eu € D r °) + (fwn^ 8 ) 2 . (47) 

Apply the Duhamel formula 

I stT A (MSL - SIM = f stT A (^U t )e- ss ^(St u - Sl u )U e e^ s - 6 ^dS . 

Jo 

Again from the Cheeger-Gromov relative estimates (|32|) 



|tr A (^e- 5S "n^i)| <C5- 1 '\ ||(s?, t ,-^ i jn e e-(-^.-||<c( a -<y)- 1 / a 

with the constants independent from |u| < e. Then the integral of the supertrace l[4"7]) can be 
estimated by the function of s, h(s) = C J^(s — 5)~ 1 / 2 5~ 1 / 2 d5 — > s ^a 0. In fact first split the 

integral into J^ 2 + J** to prove finiteness then use the absolutely continuity of the integral 
for convergence to zero. Now from the limit lim s _>o str A ( , !/'i(e _ ' s ' Se >'" — e~ sS °- u )ipi) = and the 
comparison argument we get that the asymptotic expansion for s — > of stiA(4>ke~ sD ' u ^ k ) 
is the same of the comparison operator Sq u — c(d r )d r + flD^ + flut} on the 

S v ' " " ' 

■q bounded perturbation 

infinite cylinder. This is a very simple u-family of generalized laplacians (see [I] Chapter 2.7) 
and the Duhamel formula e _t °> u — e~ °>° — — / " t'&Q.e~ tS °' v dvds shows what is written in 

the statement i.e. str £ {[?~ sD '- u ' z ])( z ,z) — X^<en a j >(So,u)(z) s ^~ dlm ' F ^' 2 where the coefficients 
a<j(SQ,u) depend smoothly on u and satisfy a.j(Sb,u) = for j < dimjT/2. One can take for g 
the function g(u) := £^ /2 W[o,4] %(So )U ) W ^- dim ^ )/2 dA ff . 

3. This is done again by comparison with 5 6)U . Consider the r-depending family of 
tangential tangential measures (y, r) <E DXq x [a, b] i — > str E e _s ' D ' ! ".( x '') dxdr where x £ Lr Vir \, 

once coupled with dA it gives the measure /i := str B e~ sD '- u ' ( - x - r '> dxdr ■ dA on X . The Fubini 
theorem can certainly used during the integration process to find out that the mass of /x can 
be computed integrating first the r-depending tangential measures y i — ► sti E e~ sDl u ^ y > r '>dy 
against A on the foliation at infinity (OXq^q) then the resulting function of r on [a, 6], 

LIM s _>o Jgx x[a b] ^ = LIM s ^o J a Jgx s ^ rE ([ e ~ sSe '"])(y,r).(y.r))dy • dAdx and this is equal to 
LIM s _>o sti'A(e~ s( -' Pe '"- ) ) = in fact the boundary operator is invertible and the 

V 47TS 

well-known Mc-Kean-Singer formula for foliations on compact ambient manifolds (formula 
(7.39) in [20]) says that ind A (-Dfg) = str A e~ s ^ Dc ^ 2 independently from s. □ 

Finally (|4"T)l becomes 

ind A (£>+ ) = (1(A) Ch(E/S), C A ) - l/2f7 A (DfS) + g(u). (48) 
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Theorem 8.28 — The Dirac operator has finite dimensional L 2 — A-index and the following 
formula holds 

ind L2 , A ( J D+) = (A(X) Ch(E/S), [C A ]) + l/2fo A (£>^) - ft+ + ftlj (49) 

where 

hf := dim A (Ext(D ± ) - dim A (Ker i 2(D ± ) (50) 
with the dimension of the space of extended solutions as defined in the definition 15.131 i.e. 
dim A Ext(-D ± ) := dim A Ext(D ± ) independently from small u > 0. 



Proof — Start from 

ind L2 , A (£)+) - Urn l/2{ind A (£>+„) + ind A (D+_ J + ft A]£ - ft+ }, (51) 

here h% e = dim A (Ext(D±))-dim A (Ker L 2 (£>*)). For now proposition l5. 1 ll savs that Ext(D^) = 
Ker £ 2(D^ ± ) = Ker eU e L 2 (Df ). Use the identity (|4*8|) into (|5T|l and pass to the u — ► limit 
taking into account proposition 17.241 

ind £2)A (D+) = (1(X) Ch(£/S), C A ) + ^ ~ ^ £ + ^ D J a \ 

It remains to pass to the e-limit remembering that: lim £ |o m di2 A (£>+) = ind^a A (-D + ) by 
proposition HHH lim e j,o ft A e — ft J e = ft ~ — ft + again by proposition 15. 141 and 
lim £ | f]A(-Df 8 ) = VAiD^ ) by proposition 17.241 □ 



9 Comparison with Ramachandran index formula 

The Ramachandran index formula [23J stands into index theory for foliations exactly as the 
Atiyah-Patodi-Singer formula stays in the classical theory. Our formula corresponds to the 
A.P.S cylindrical point of view. In this section we prove that the two formulas are compatible 
and we do it exactly in the way it is done for the single leaf case by APS. First we recall the 
Ramachandran Theorem 



9.1 The Ramachandran index 

Since we have chosen an opposite orientation for the boundary foliation the Ramachandran 
index formula here written differs from the original in [23] exactly for its sign (as in section 
[3] for the APS formula). So let us consider the Dirac operator builded in section [2] but acting 
only on the foliation restricted to the compact manifold with boundary Xq. To be precise with 
the notation let us call T§ the foliation restricted to X with leaves {L x } x , equivalence relation 
IZo and D^ the Dirac operator acting on the field of Hilbert spaces {L 2 (L X ; E)} x& x • Near 

/ o D^o \ ( — d r + D^ \ 

the boundary Lr° = I ^+ } = \ d + D^ J W ^ ^ e boundary 

operator D^ 9 . Let us consider the field of APS boundary conditions 



B 



X[o,oo)(D^) \ ( P 

X(-oo,o)(^ a ) J \ I-P 
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acting on the boundary foliation. In the order of ideas of the paper by Ramachandran this 
is a self adjoint boundary condition i.e. its interacts with the Dirac operator in the following 

way: 

1. B is a field of bounded self-adjoint operators with oB + Bo = a where a is Clifford 
multiplication by the unit (interior) normal. 

2. If b is the operator of restriction to the boundary then (si, D JF °s 2 ) = (D J7 °Si, s 2 ) for 
every couple of smooth sections s\ and s 2 such that Bbsi = and Bbs 2 = 0. 

Next Ramachandran proves using the Browder-Garding expansion that there's a field of 
restriction operators H k (Xo; E) — > H k ~ x ' 2 (Xq\ E) extending b where the Sobolev spaces are 
defined taking into account the boundary. More precisely for a leaf L x , the space H k {L x ; E) 
is the completion of C^°(L X ;E) (support possibly touching the boundary) under the usual 
L 2 -based Sobolev norms. It follows from the restriction theorem that one can define the 
domain of D with boundary condition B as H°°{X ;E, B) := {s G H°°{X Q ; E) : Bbs = 0}. 

Theorem 9.28 — (Ramachandran [23]) The family of unbounded operators D with domain 
H°°(X ; E, B) is essentially self-adjoint and Breuer-Fredholm in the Von Neumann algebra of 
the foliation with finite A-index ind^D^ ) = given by the formula 

ind A (L»- Fo ) = dim A (Kcr(L>- F » + )) - dim A (Kcr(L>^ )) 

= (A(X) Ch(E/S),C A ) + l/2fo A (I>f) - h] (52) 

Now we are going to prove compatibility between formula (|52|) and (|49|l . First of all we 
have to relate the two Von Neumann algebras in play. Denote (according to our notation) 
with End-jio(E) the space of intertwining operators of the representation of TZq on L 2 (E) 
and, only in this section End-R, 0iA (i?) the resulting Von Neumann algebra with trace tr-^A 
in order to make distinction from End^A^) the Von Neumann algebra of random operators 
associated with the representation of 1Z. Start with a measurable fields of bounded operators 
X 3 B x i — > B x : L 2 {L° X ;E) — ► L 2 (L X ;E) with B x = B y a.e. if (x,y) G K . There's a 
natural way to extend B to a field of operators in End-R, (E) . 

1. If x e X n simply let iB x act to L 2 (L X ;E) to be zero on the cylinder 

iB x : L 2 {L° x ;E)®L 2 (dL x x (0, oo); JS?) — ► L 2 (L x :E)® L 2 {dL x x (0,oo);£) 
iB x {s,t) := (B x s,0). 

2. If x G dX x (0, oo) define iB x := iB p ^ x ) where p : dX x (0, oo) — ► dX is the base 
projection and iB p r x \ is defined by point 1. 

Proposition 9.29 — The map t : Endn (E) — > End K (_E) as defined above passes to the 
quotient to an injection i : End-K 0l A(-E) — * End^A^) between the Von Neumannn algebras of 
Random operators preserving the two natural traces tr-^A^-B) = tr-ji 0t \(B). 

Proof — The first part is clear. An intertwining operator B = {B x } xe x 1S zero A-a.e. in Xq 
then also does iB in X for any transversal T contained in the cylinder can slide by holonomy 
to a transversal contained in Xq. About the identity on traces remember the link between 
the direct integral algebras and the algebras of random operators i.e. Lemme 8 pag 48 in [T2| . 
Choose v to be the longitudinal Riemannnian metric then A„ is the integration of v against 
A. Let Jo be the Von Neumann algebra of A„-a.e. classes of measurable fields of operators 
Xq 3 x i — ► B x G B(L 2 (L X ; E)) and P the corresponding algebra builded replacing Xq with 
X and B{L 2 {L X ] E)) with B(L 2 (L X ; E)). Pass to a ultraweak dense ideal of operarators such 



that the corresponding family X 3 y i — > J iB x dv y is bounded. Then Lemme 8 pag 48 in [12] 
says that tv-]^^{iB) = J x Tiace(B x )dA u (x) = J XQ Tia,ce(B x )dA u (x) = tr-ji a: \(B). □ 

Theorem 9.29 — Let PrKer(D :F a) G Endn .A(E) the projection on the Kernel of D^o with 
domain given by the boundary condition Px = 0, (I — P = 0) as in the formula of Ramachandran. 
Let also PrKer L 2(Z? ± ) G End-^A^) be the projection on the L 2 -kernel of the leafwise operator 
on the foliation with the cylinder attached and PrExt(_D ± ) G Yiud-n^i^ L 2 E) be the projection 
on the closure of the space of extended solution seen in e ue for sufficiently small positive u. 

1. iPtKct(D :f « ) is (Murray-Von Neumann ~) equivalent to PrKer^Z? 4 ") in End^A^) 
i.e. there exists a partial isometry u G End^^C-E) such that u*u = i Pr Kev(D :F o ) and 
uu* = PrKer L 2 (£>+). In particular diniK 0: A Ker(Z?- F o ) = dim^A Ker L 2 (D + ). 



2. i Pr Ker^2 (D^o ) ~ PrExt(Z) ) , for sufficiently small u and equivalence in 

End A (e ue L 2 (E)) with the inclusion i : End Ko , A (-B) — ► End A (e u6 L 2 {E)) defined as in 
proposition 19.291 As a consequence diniA Kei(D :F o ) = diniA Ext(D~). 



Proof — The idea is contained in A.P.S. [3] when they prove the equivalence between 
the boundary value problem and the L 2 cylindrical problem. Their main instrument is the 
eigenfunction expansion of the operator at the boundary; now we use the Browder-Garding 
generalized expansion to see that any solution of the boundary value problems extends to a 
solution of the operator on the cylinder. 

1. Use the Browder-Garding expansion as in the proof of the finiteness of the projection 
on the kernel ETJ For a single leaf, the isomorphism 



L 2 (dL° x x (-l,O])^0L 2 (l, ft )«L 2 (KO]) 

jeN 

represents a solution of the boundary value problem as hj(r 7 A) = X(-oo.o)(^) e ~ Xr hjo(r) hence 
the solution can be extended to the cylinder of the leaf dL x x (0, oo). This clearly gives a 

field of linear isomorphisms T x : Ker(D x ° ) — > Ker £ 2(_Dj) for x G Xq. First extend T x to all 
L 2 (L X ; E) to be zero on Kei(D^o ) then let x take values also in X according to the method 
explained before i.e. put T x := T p r x -\ for x in the cylinder. Take the polar decomposition 

T x = u x \T x \, then u x is a partial isometry with initial space Ker(D x ° ) and range Ker(D+), 
i.e 

u* x u x = PrKcrpf "), u x u* x = PrKcr(D+). 

We have to look at this relation into the Von Neumann algebra of the foliation on X. Split 

every L 2 space of the leaves as L 2 (L°, x y,E) ® L 2 (dL° p ^ x (0,oo);E). With respect to the 

splitting, forgetting the indexes x downstairs, we have u — ( " n \ acting on the field 
of L 2 (X;E) spaces of the leaves. Then u* = ( U ^ U21 J with conditions unu^ = 

and u 2 iu* 1 = 0. Finally uu* = I ^ J l / = ( ' anc ^ 

similarly u*u = Pr(D + ). 



34 



2. It is very similar to statement 1. in fact writing the Browder-Garding expansion and 
imposing the adjoint boundary condition one ends directly into the space of the extended 
solutions. □ 



To conclude now we can compare Ramachandran index with ours; let's compare formula f52|) 
with lj49j) keeping in mind that, the index of Ramachandran is now our extended index (see 
section[3]) indA(-D jr °) = ind A L 2(D + ) = diniA Ker £ 2(D+) — Ker^D - ) to obtain the equation 
diniA Ext(D~) — diniA Ker L 2(Z?~) = {h~^ — h~^)/2 + h/2. The same argument applied to the 
(formal) adjoint of D + leads to the equation 
dim A Ext(D+) - dim A Ker L 2 (D+) = (h~l -h' A )/2 + h/2, then 

h = h\+ 

exactly as in the Atiyah Patodi Singer paper. 
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